Future complete Einsteinian space times with U(1) symmetry, the
  unpolarized case by Choquet-Bruhat, Yvonne
ar
X
iv
:g
r-q
c/
03
05
06
0v
1 
 1
5 
M
ay
 2
00
3
Future complete U(1) symmetric Einsteinian
spacetimes, the unpolarized case.
Yvonne Choquet-Bruhat
November 3, 2018
1 Introduction.
In this paper I generalize the non linear stability theorem obtained in col-
laboration with V. Moncrief (CB-M1, CB-M2) for vacuum Einsteinian 4 -
manifolds (V,(4) g) where V = M × R with M a circle bundle over a com-
pact, orientable surface Σ of genus greater than 1. The Lorentzian metric
(4)g admits a Killing symmetry along the (spacelike) circular fibers. I remove
the so-called polarization condition, i.e. the orthogonality of the fibers to
quotient 3-manifolds. The reduced field equations take now the form of a
wave map equation, instead of a linear wave equation in the polarized case,
coupled to 2+1 gravity. I use results on wave maps from curved manifolds
obtained in CB1, CB2. Like in CB-M2 we do not restrict the conformal ge-
ometry of Σ to avoid those regions of Teichmu¨ller space for which the lowest
positive eigenvalues of the scalar Laplacian lie, in our normalization, in the
gap (0, 1
8
]. A consequence is that the asymptotic behaviour of the wave map
field does not exhibit a universal rate of decay but instead develops a decay
rate which depends upon the asymptotic values of the lowest eigenvalue.
Under the Kaluza-Klein reduction which one carries out in the presence
of the assumed spacelike Killing field one is first led to field equations of the
type of an Einstein - Maxwell - Jordan system on the 3 - manifold Σ×R. To
transform this to a more convenient Einstein - wave map system one needs a
further topological restriction on the fields allowed. The need for this arises
from considering the constraint equation for the effective 2+1 dimensional
electric type field density e˜ = ea ∂
∂xa
which reads ea,a = 0. On a higher genus
surface Σ the general solution of this equation (which results from a Hodge
1
decomposition of one - forms on Σ) takes the form ea = εab(ω,b+hb) where
hbdx
b is a harmonic one - form on Σ. A consistent simplification results from
setting this harmonic contribution to zero so that ea ∂
∂xa
becomes express-
ible purely in terms of the so - called twist potential ω. Taken together with
the norm of the (U(1) generating) Killing field Y˜ , conveniently expessed via
Y˜ .Y˜ = e2γ , the twist potential ω and the function γ provide a map from
Σ×R to R2. When expressed in terms of the pair (γ, ω) Einstein’s equations
take the form of a wave map from a 2+1 Lorentzian manifold (Σ× R,(3) g)
into the Poincare´ plane with its standard metric 2dγ2 +1
2
e−4γdω2; the metric
(3)g satisfies the 2+1 Einstein equations on Σ×R, with source the wave map.
These 2+1 Einstein equations, supplemented by suitable coordinate condi-
tions to fix the gauge, reduce to an elliptic system on each slice Σt of Σ×R
for the lapse, the shift, and the conformal factor of a 2 dimensional metric,
together with an ordinary differential system for the Teichmu¨ller parameters
which determine the conformal geometry. The wave map field and the Te-
ichmu¨ller parameters represent therefore the true propagating gravitational
degrees of freedom of the original problem.
The basic methods we use to prove existence for an infinite proper time
involve the construction of higher order energies to control the Sobolev norms
of the wave map and the solution of the differential system1 satisfied by the
Teichmu¨ller parameters degrees of freedom. A subtlety is that the most ob-
vious definition of wave map energies does not lead to a well defined rate of
decay so that suitable corrected energies must be developed which exploit
information about the lowest eigenvalues of the spatial Laplacian which ap-
pears in the relevant wave operators. The eigenvalues vary with position in
Teichmu¨ller space and thus evolve along with Teichmuller parameters. If the
lowest (non trivial) eigenvalue asymptotically avoids a well known gap in the
spectrum ( the gap (0,1
8
] in our normalization which has the more familiar
form (0,1
4
] if one instead normalizes the Gauss curvature on the higher genus
surface) then we obtain a universal rate of decay for the energies asymp-
totically. If the lowest eigenvalue however drifts into this gap and remains
there asymptotically then the rate of decay of the energies will depend upon
the asymptotic value of this lowest eigenvalue and will no longer be univer-
sal. We need slightly different forms for the corrected energies to handle
these different eventualities (universal versus non universal rates of decay).
1We use here directly this system, instead of introducing the Dirichlet energy as ib
CB-M 1 and CB6M 2.
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In all cases the conformal geometry of our circle bundles undergoes a kind
of Cheeger - Gromov collapse in which the circular fibers (after a conformal
rescaling needed to take out the overall expansion) collapse to zero length
asymptotically while only the conformal 2 - geometry remains well behaved.
In our set up the Sobolev constants depend only on the conformal 2 - ge-
ometry (i.e. upon the Teichmu¨ller parameters) and, so long as the evolution
remains in a compact subspace of Teichmu¨ller space, these constants remain
under control.
The sense in which our solutions are global in the expanding direction is
that they exhaust the maximal range allowed for the mean curvature function
on a manifold of negative Yamabe type, for which a zero mean curvature
cannot be achieved but only asymptotically approached. In addition however
our estimates prove that the normal trajectories to our spatial slices all have
infinite future proper time length, and allow us to establish, using [CB-C],
causal geodesic completeness in the expanding direction.
If the harmonic one - form H discussed above were allowed to be non zero
it would disturb the pure wave map character of the reduced field equations.
On the other hand it seems plausible that energy arguments could still be
made to work in the presence of H. Alternatively one might simply refrain
from trying to force the reduced field equations into a wave map framework
and instead develop energy arguments for the Einstein - Maxwell - Jordan
type system itself which require no splitting of e˜ into twist potential and har-
monic contributions. I shall not however pursue either of these possibilities
here but leave them for further study.
I need as in CB-M1 and CB-M2 a smallness condition on suitably defined
energies which control the norms of the evolving (here wave map) field and
for this reason I continue to restrict my attention to trivial S1 bundles over
Σ (i.e., to those for which M = S1 × Σ). The reason for this is that the
curvature of the U(1) connection and its assumed (U(1) - generating) Killing
field has a quantized integral over Σ and, in the case of a non trivial bundle
when this integral is not zero, cannot be adjusted to satisfy the smallness
condition needed for the energy argument. It seems plausible that one could
probably substract off this unavoidable topological contribution to curvature
and work with suitable energies defined for the substracted fields to handle
the case of non trivial bundles but I shall not attempt to do so here.
Another approach (suggested by V. Moncrief) to treating solutions on
non trivial S1 bundles involves applying a well known action of SL(2, R)
(the isometry goup of the Poincare´ plane which plays the role of target for
3
our wave map fields) to the fields defined on the base manifold Σ × R. In
certain cases this group action can be used to transform solutions which lift
to the trivial S1 bundle over Σ × R to other solutions which lift instead
to another, non trivial bundle. There is an obstruction to obtaining such
solutions in this way since a certain Casimir invariant (which is of course
preserved under the group action) is necessarily positive for solutions which
lift to the trivial bundle (it can be negative for a subset of solutions which
lift to non trivial bundles). This formulation has so far only been developed
for the case of circle bundles over S2 ×R but can most likely be generalized
to the cases of bundles over Σ×R where Σ is either a torus or a higher genus
surface. That possibility is left for further study.
The small data future global existence theorem for solutions of Einstein’s
equations of Andersson and Moncrief, this volume, makes no symmetry as-
sumption whatsoever, but treats a different class of spatial 3 - manifolds
which are taken to be compact hyperbolic. The results of their analysis show
that the standard hyperbolic (i.e. constant negative curvature) metric on
such a manifold serves as an attractor for the conformal geometry under
the (future) Einstein flow. In other words the evolving conformal geometry
has a well behaved limit in that problem. This fact plays a crucial role in
their analysis since various Sobolev ”constants” (which are in fact function-
als of the geometry) which are needed in the associated energy estimates are
asymptotically under control since they are tending toward their (regular)
limiting values for the hyperbolic metric. Thus the difficulty of degenerating
Sobolev constants, avoided by the introduction of a conformal 2 metric in
the case of our U(1) symmetry assumption, never arises in the Andersson -
Moncrief work.
Besides the fact that the U(1) symmetric case is not included in the no
symmetry case treated by Andersson and Moncrief, an interest of the U(1)
case is that in our problem the number of effective spatial dimensions is
two, and also that there is no known ”physical” reason why large data solu-
tions should develop singularities in the direction of cosmological expansion.
Black hole formation seems to be suppressed by the topological character of
the assumed Killing symmetry (which is of translational rather than rota-
tional type and excludes the appearance of an axis of symmetry) and the big
bang singularity is avoided by considering the future evolution from an ini-
tially expanding Cauchy hypersurface. Any possible big crunch is excluded
by our requirement that the spatial manifold M is of negative Yamabe type
(which is true of all circle bundles over higher genus manifolds). Such mani-
4
folds are incompatible (in the vacuum and electrovacuum cases for example)
with the development of a maximal hypersurface which would be a necessary
prelude to the ”recollapse” of an expanding universe towards a hypothetical
big crunch singularity. At a maximal hypersurface the scalar curvature of
M would have to be everywhere positive - an impossibility on any manifold
of negative Yamabe type. Thus it is conceivable that for large data future
global existence holds for our problem. Up to now the only large data global
results require simplifying assumptions so stringent that they effectively re-
duce the number of spatial dimensions to one (e.g., Gowdy models and their
generalizations, plane symmetric gravitational vaves, spherically symmetric
matter coupled with gravity) or zero (e.g. Bianchi models, 2+1 gravity).
Unfortunately we have at present no way of proving this global existence,
even in the polarized case for which the wave map equation reduces to a
wave equation for a scalar function, because the reduced field equations are
non local in character. The ”background” spacetime on which the scalar
field evolves is not given a priori but is instead a certain functional (obtained
by solution of elliptic equations) of the evolving field (and the Teichmu¨ller
parameters) itself. In the unpolarized case, the problem of global existence
of strong solutions for wave maps on a fixed background in 2+1 dimensions
is still unsolved. However there is a proof [M-S] of global existence of a weak
solution (with no uniqueness) for wave maps from Minkowski spacetime. Any
progress on the large data global existence, even of weak solutions, for the
U(1) - symmetric problem would represent a ”quantum jump” forward in
our understanding of long time existence problems for Einstein’s equations.
It is worth mentioning here that, again with suitable topological restric-
tions, using the reduction obtained by V. Moncrief [M2], an analogous Ein-
stein - wave map form of the reduced field equations can be obtained even
when one begins with the full Einstein - Maxwell system in 3+1 dimensions.
Some steps of the proof given here have been obtained independently,
using other notations, by V. Moncrief. I thank him for communicating his
manuscript to me, and for numerous conversations on the subject.
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2 S1 invariant einsteinian universes.
2.1 Definition.
The spacetime manifold V is a principal fiber bundle with Lie group S1 and
base Σ × R, with Σ a smooth orientable 2 dimensional manifold which we
suppose here to be compact and of genus greater than one.
The spacetime metric (4)g is invariant under the action of S1, the orbits
are the fibers of V and are supposed to be space like. We write it in the form
adapted to the bundle structure2:
(4)g = e−2γ(3)g + e2γ(θ)2,
where γ and (3)g can be identified respectively with a scalar function and a
lorentzian metric on the base manifold Σ×R. In coordinates (x3, xα) adapted
to a local trivialization of the bundle, with x3 a coordinate on S1 (i.e. with
x3 = 0 and x3 = 2π identified) and (xα) ≡ (xa, t), a = 1, 2 coordinates on
Σ× R, it holds that:
(3)g = −N2dt2 + gab(dxa + νadt)(dxb + νbdt)
equivalently, in terms of a moving frame
(3)g = −N2(θ0)2 + gabθaθb, θ0 ≡ dt, θa ≡ dxa + νadt
where N and ν are respectively the lapse and shift of (3)g, and
g = gabdx
adxb
is a riemannian metric on Σ, depending on t. The 1-form θ, S1 connection
on the fiber bundle V , is represented by
θ = dx3 + Aαdx
α
The 1-form A ≡ Aαdxα depends on the trivialization of V, it is only a locally
defined 1-form on Σ× R if the bundle is not trivial.
2See for instance CB-DM Kaluza Klein theories p.286. The Lorentzian metric on the
base manifold Σ × R is weighted by e−3γ in order to obtain equations which split in a
nice hyperbolic - elliptic coupled form (see M1, CB-M3).
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2.2 Twist potential.
2.2.1 Definition.
The curvature of the connection locally represented by A is a 2-form F on
Σ× R, given by, if the equations (4)Rα3=0 are satisfied,
Fαβ = (1/2)e
−4γηαβλE
λ
with η the volume form of the metric (3)g, and E an arbitrary closed 1-form.
Hence if Σ is compact
E = dω +H
where ω is a scalar function on V , called the twist potential, and H a repre-
sentative of the 1-cohomology class of Σ×R, for instance defined by a 1-form
on Σ, harmonic for some given riemannian metric m. For simplicity we take
H = 0.
2.2.2 Construction of A.
The connection 1- form θ can be constructed, when F is known if the following
integrability condition is satisfied (see [M1], [CB-M3])
∫
Σt
F =
1
2
∫
Σt
Fabdx
a ∧ dxb = −
∫
Σt
e−4γN−1∂0ωµg = 2πn. (2.1)
where n is the Chern number of the bundle over Σ× R.
We will suppose here that this bundle is trivial, i.e. n = 0; this value of
n is the only one compatible with the smallness assumptions on the energy
that we will make. The 1 - form A ≡ Aαdxα is then defined globally on
Σ× R. It satisfies the equation
dA = F (2.2)
We denote by A˜ and F˜ the t dependent 1 - form and 2 - form on Σ given by
A˜ ≡ Aadxa, F˜ ≡ 1
2
Fabdx
a ∧ dxb. (2.3)
The equation 2.2 splits into
dA˜ = F˜ , i.e. ∂aAb − ∂bAa = Fab (2.4)
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and, denoting by F(t) the 1-form Ftadx
a :
∂tAa − ∂aAt = Fta, i.e. ∂tA˜− dAt = F(t). (2.5)
We solve 2.4 by introducing a smooth m metric on Σ. We denote by δm and
∆˜m ≡ δmd+dδm the codifferential and the de Rham Laplace operator in this
metric. If we suppose that A˜ satisfies the Coulomb gauge condition:
δmA˜ = 0. (2.6)
The equations 2.4 and 2.6 imply that
∆˜mA˜ = δmF˜ . (2.7)
The general solution of this equation is the sum of the unique solution Aˆ
which is L2(m)− orthogonal to the elements H(i) of a basis of harmonic
1-forms, and an arbitrary harmonic 1-form, that is:
A˜ = Aˆ+
∑
i
ciH(i), (Aˆ, H(i))L2(m) = 0 (2.8)
where the ci are t-dependent numbers. The solution Aˆ satisfies a Sobolev
inequality
||Aˆ||H2(m) ≤ Cm||δmF˜ ||L2(m), ||δmF˜ ||L2(m) ≤ Cm||F˜ ||H1(m) (2.9)
A solution A˜ of 2.7 satisfies 2.4 and 2.6 because 2.7 implies
d∆˜mA˜ ≡ ∆˜mdA˜ = dδmF˜ ≡ ∆˜mF˜ (2.10)
since F˜ is closed, and
δm∆˜mA˜ ≡ ∆˜mδmA˜ = 0. (2.11)
2.10 implies that dA˜ − F˜ is a harmonic 2-form on Σ, it is zero because its
period, i.e. its integral on the unique 2 cycle Σ, is zero (equation 2.1). 2.11
implies that the scalar function δmA˜ is harmonic, but its integral on Σ is
zero, since it is a divergence, therefore δmA˜ = 0.
The equation 2.5 can be satisfied by choice of At, a t dependent function
on Σ, if the 1-form ∂tA − F(t) is an exact differential. The commutation of
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partial derivatives and the closure of F show that a solution A˜ of 2.4 satisfies
the equation
∂a∂tAb − ∂b∂tAa = ∂tFab = ∂aFtb − ∂bFta, i.e. d(∂tA˜− F(t)) = 0. (2.12)
Since the form ∂tA˜−F(t) is closed it will be the differential of a function At if
and only if it is L2(m) orthogonal to the harmonic 1-forms, that is, because
∂tAˆ is like Aˆ L
2(m) orthogonal to the H(i) which do not depend on t :
(
∑
j
dcj
dt
H(j) − F(t), H(i))L2(m) = 0. (2.13)
Choosing the H ′(i)s to be L
2(m) orthonormal, this equation reduces to:
dci
dt
= (F(t), H(i))L2(m). (2.14)
These equations determine ci by integration on t through its its initial value
ci(t0)
We complete the determination of the scalar function At by remarking
that for such a function the equation 2.5 implies3, using 2.6,
∆mAt = −δmF(t), (2.15)
an equation which determines uniquely At if we impose that its integral on
Σt is zero. It satisfies then the inequality
||At||H2(m) ≤ Cm||δmF(t)||L2(m), ||δmF(t)||L2(m) ≤ Cm||Ft||H1(m). (2.16)
Remark 2.1 We can, instead of the Coulomb gauge, determine A˜ in tempo-
ral gauge, i.e. impose At = 0. We determine the 1 - form A˜0, the value of A˜
for t = t0 by the relation 2.4 through the value of F˜0 as above. The equation
2.5 is, when At and F(t) are known, an ordinary differential equation for A˜
which can be solved by integration on t :
A˜ = A˜0 +
∫ t
t0
F(t). (2.17)
3For a scalar function it holds that δmf ≡0 and ∆˜mf ≡ ∆mf.
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When 2.5 is satisfied it implies, whatever At may be using the commutation
of partial derivatives and the closure of F the equation
∂t(∂aAb − ∂bAa) = ∂aFtb − ∂bFta = ∂tFab (2.18)
i.e.
∂t(dA˜− F˜ ) = 0 (2.19)
hence dA˜− F˜ = 0 for all t if it is so for t = t0.
The disavantage of the temporal gauge is that it gives only H1 estimates
for A˜.
2.3 Wave map equation.
The fact that F is a closed form together with the equation (4)R33 = 0 imply
(with the choice H = 0 in the definition of ω) that the pair u ≡ (γ, ω) satisfies
a wave map equation from (Σ× R,(3) g) into the Poincare´ plane (R2, G),
G = 2(dγ)2 + (1/2)e−4γ(dω)2,
It is a system of hyperbolic type when (3)g is a known lorentzian metric which
reads, denoting by (3)∇α the components of covariant derivatives of tensors
on Σ×R in the metric (3)g in the moving frame (θa, dt):
(3)∇α∂αγ + 1
2
e−4γgαβ∂αω∂βω = 0
(3)∇α∂αω − 4gαβ∂αω∂βγ = 0
The integral 2.1 is independent of t if F is closed, hence if the wave map
equation is satisfied.
Remark 2.2 The non zero Christoffel symbols of the metric G are
G122 ≡ Gγωω =
1
2
e−4γ , G212 = G
2
21 = G
ω
γω = −2
The scalar and Riemann curvature are:
R12,12 = −2e−4γ , R = −4
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2.4 3-dimensional Einstein equations
When (4)R3α = 0 and
(4)R33 = 0 the Einstein equations
(4)Rαβ = 0 are
equivalent to Einstein equations on the 3-manifold Σ×R for the metric (3)g
with source the stress energy tensor of the wave map:
(3)Rαβ = ραβ ≡ ∂αu.∂βu
where a dot denotes a scalar product in the metric of the Poincare´ plane:
∂αu.∂βu ≡ 2∂αγ∂βγ + 1
2
e−4γ∂αω∂βω
In dimension 3 the Einstein equations are non dynamical, except for the
conformal class of g determined by Teichmu¨ller parameters. They decompose
into:
a. Constraints.
b. Equations for lapse and shift to be satisfied on each Σt. These equa-
tions, as well as the constraints, are of elliptic type.
c. Evolution equations for the Teichmu¨ller parameters, ordinary differen-
tial equations.
2.4.1 Constraints on Σt.
One denotes by k the extrinsic curvature of Σt as submanifold of (Σ×R,(3) g).
Then, with ∇ the covariant derivative in the metric g,
kab ≡ (2N)−1(−∂tgab +∇aνb +∇bνa),
the equations (momentum constraint)
(3)R0a ≡ N(−∇bkba + ∂aτ) = ∂0u.∂au (2.20)
and (hamiltonian constraint, (3)S00 ≡(3) R00 + 12N2 (3)R)
2N−2(3)S00 ≡ R(g)− kabkba + τ 2 = N−2∂0u.∂0u+ gab∂au.∂bu (2.21)
do not contain second derivatives transversal to Σt of g or u. They are the
constraints. To transform the constraints into an elliptic system one uses the
conformal method. We set
gab = e
2λσab,
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where σ is a riemannian metric on Σ, depending on t, on which we will
comment later, and
kab = hab +
1
2
gabτ
where τ is the g-trace of k, hence h is traceless.
We denote by D a covariant derivation in the metric σ. We set
u′ = N−1∂0u
with ∂0 the Pfaff derivative of u, namely
∂0 =
∂
∂t
− νa∂a with ∂a = ∂
∂xa
and
.
u = e2λu′
The momentum constraint on Σt reads if τ is constant in space, a choice
which we will make
Dbh
b
a = La, La ≡ −Dau.
.
u (2.22)
This is a linear equation for h, with left hand side independent of λ. The
general solution is the sum of a transverse traceless tensor hTT ≡ q (see 2.28
below) and a conformal Lie derivative r. Such tensors are L2−orthogonal on
(Σ, σ).
The hamiltonian constraint reads as the semilinear elliptic equation in λ :
∆λ = f(x, λ) ≡ p1e2λ − p2e−2λ + p3, (2.23)
with ∆ ≡ ∆σ the Laplacian in the metric σ and:
p1 ≡ 1
4
τ 2, p2 ≡ 1
2
(| .u |2 + | h |2), p3 ≡ 1
2
(R(σ)− |Du|2)
2.4.2 Equations for lapse and shift.
Lapse and shift are gauge parameters for which we obtain elliptic equations
on each Σt as follows.
We impose that the Σ′ts have constant (in space) mean curvature, namely
that τ is a given increasing function of t. The lapse N satisfies then the linear
elliptic equation
∆N − αN = −e2λ∂τ
∂t
(2.24)
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with (|.|pointwise norm in the metric σ)
α ≡ e−2λ(| h |2 + | .u |2) + 1
2
e2λτ 2 (2.25)
The equation to be satisfied by the shift ν results from the the expression for
h deduced from the definition of k
hab ≡ (2N)−1[−(∂tgab − 1
2
gabg
cd∂tgcd) +∇aνb +∇bνa − gab∇cνc]
which implies, if gab ≡ e2λσab and if na ≡ e−2λνa denotes the covariant
components of the shift vector ν in the metric σ (thus na = νa)
hab ≡ (2N)−1e2λ[−(∂tσab − 1
2
σabσ
cd∂tσcd) +Danb +Dbna − σabDcnc]
The equation is therefore:
(Lσn)ab ≡ Danb +Dbna − σabDcnc = fab (2.26)
fab ≡ 2Ne−2λhab + ∂tσab − 1
2
σabσ
cd∂tσcd (2.27)
The homogeneous associated operator, the conformal Killing operator Lσ, has
injective symbol, and it has a kernel zero, since manifolds of genus greater
than 1 admit no conformal Killing fields.
The kernel of the dual of Lσ is the space of transverse traceless symmetric
2-tensors, i.e. symmetric 2-tensors T such that
σabTab = 0, D
aTab = 0. (2.28)
These tensors are usually called TT tensors. The spaces of TT tensors are
the same for two conformal metrics.
2.5 Teichmu¨ller parameters.
On a compact 2-dimensional manifold of genus G ≥ 2 the space Teich of
conformally inequivalent riemannian metrics, called Teichmu¨ller space, can
be identified ( Fisher and Tromba, see [F-T] or [CB-DM]) with M−1/D0,
the quotient of the space of metrics with scalar curvature −1 by the group
of diffeomorphisms homotopic to the identity. M−1→Teich is a trivial fiber
13
bundle whose base can be endowed with the structure of the manifold Rn,
with n = 6G− 6.
We require the metric σt to be in some chosen cross section Q → ψ(Q)
of the above fiber bundle. Let QI , I = 1, ..., n be coordinates in Teich, then
∂ψ/∂QI is a known tangent vector to M−1 at ψ(Q), that is a symmetric
2-tensor field on Σ, the sum of a transverse traceless tensor field XI(Q) and
of the Lie derivative of a vector field on the manifold (Σ, ψ(Q)). The tensor
fields XI(Q), I = 1, ...n span the space of transverse traceless tensor fields on
(Σ, ψ(Q)). The matrix with elements∫
Σ
XabI XJabµψ(Q)
is invertible.
We have found in [CB-M1] an ordinary differential system satisfied by
t 7→ Q(t) by using on the one hand the solvability condition for the shift
equation which determines dQI/dt in terms of ht which reads∫
Σt
fabX
ab
J µσt = 0, J = 1, ...6G− 6, (2.29)
and on the other hand the necessary and sufficient conditions for the previous
equations to imply also the remaining equations (3)Rab − ρab = 0, that is:∫
Σt
N((3)Rab − ρab)XabJ µσt = 0, for J = 1, 2, ...6G− 6. (2.30)
We have used the expression
∂tσab =
dQI
dt
XI,ab + Cab
where Cab is a Lie derivative, L
2 orthogonal to TT tensors, together with
the decomposition h = q + r, with r a tensor in the range of the conformal
Killing operator and q a TT tensor. This last tensor can be written with the
use of the basis XI of such tensors, the coefficients P
I depending only on t:
qab = P
I(t)XI,ab
The orthogonality condition 2.29 reads, using the expression 2.27 of fab and
the fact that the transverse tensors XI are orthogonal to Lie derivatives and
are traceless:∫
Σt
[2Ne−2λ(rab + P IXI,ab) + (dQI/dt)XI,ab]XabJ µσ = 0
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The tangent vector dQI/dt to the curve t → Q(t) and the tangent vector
P I(t) to Teich are therefore linked by the linear system
XIJ
dQI
dt
+ YIJP
I + ZJ = 0
with
XIJ ≡
∫
Σt
XabI XJ,abµσ, (2.31)
YIJ ≡
∫
Σt
2Ne−2λXabI XJ,abµσ, ZJ ≡
∫
Σt
2Ne−2λrabXabJ µσ (2.32)
While, using
(3)Rab ≡ Rab −N−1∂0kab − 2kackcb + τkab −N−1∇a∂bN (2.33)
where
Rab ≡ 1
2
Rgab, ρab ≡ ∂au.∂bu
kab ≡ P IXI,ab + rab + 1
2
gabτ
and ∂0 is an operator on time dependent space tensors defined by, with Lν
the Lie derivative in the direction of ν,
∂0 ≡ ∂t − Lν
gives4 for 2.30 the expression:∫
Σt
(−∂0kab − 2Ne2λhachcb + τNhab −∇a∂bN − ∂au.∂bu)XabJ µσt = 0 (2.34)
We have thus obtained an ordinary differential system of the form
XIJ
dP I
dt
+ ΦJ(P,
dQ
dt
) = 0
where Φ is a polynomial of degree 2 in P and dQ/dt with coefficients de-
pending smoothly on Q and directly but continuously on t through the other
unknowns, namely:
ΦJ ≡ AJIKP IPK +BJIKP I dQ
K
dt
+ CJIP
I +DJ
4In the formula 2.33 indices are raised with g, in 2.34 they are raised with σ.
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with
AJIK ≡
∫
Σt
2Ne2λXcI,aXK,bcX
ab
J µσt
BJIK ≡
∫
Σt
∂XI,ab
∂QK
XabJ µσt
CJI ≡
∫
Σt
[(−LνXI)ab + 4Ne−2λrcbXI,ac − τNXI,ab]XabJ µσt
and, using integration by parts and the transverse property of the XI to
eliminate second derivatives of N (recall that ∇a∂bN ≡ Da∂bN − 2∂aλ∂bN)
DJ ≡
∫
Σt
(−∂0rab − 2Ne−2λracrcb + τNrab + 2∂aλ∂bN − ∂au.∂bu)XabJ µσt .
3 Cauchy problem.
3.1 Cauchy data.
The Cauchy data on Σt0 are:
1. A C∞ riemannian metric σ0 which projects onto a point Q(t0) of Teich
and a C∞ tensor q0 which is TT in the metric σ0.
2. Cauchy data for u and u˙ on Σt0 , i.e.
u(t0, .) = u0, u˙(t0, .) = u˙0.
We say that a pair of scalar functions, u ≡ (γ, ω) or u˙ ≡ (γ˙, ω˙) belongs to
W ps if it is so of each of the scalars; W
p
s and Hs ≡W 2s are the usual Sobolev
spaces of scalar functions on the riemannian manifold (Σ, σ0). We suppose
that
u0 ∈ H2, u˙0 ∈ H1.
From these data one determines the values on Σ0 of the auxiliary unkown,
h0 ∈ W p2 , 1 < p < 2, the conformal factor lapse and shift λ0, N0, ν0 ∈ W p3 .
One deduces then the usual Cauchy data for the wave map by
(∂tu)0 = e
−2λ0N0u˙0 + νa0∂au0 (3.1)
It holds that
(∂tu)0 ∈ H1. (3.2)
We suppose that the initial data satisfy the integrability condition 2.1 and
we deduce from them an admissible A˜0.
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3.2 Local in time existence theorem.
The following theorem is a consequence of previous results (see CB-M2, CB1,
CB-M1).
Theorem 3.1 The Cauchy problem with the above data for the Einstein
equations with S1 isometry group has, if T − t0 is small enough, a solu-
tion with u ∈ C0([t0, T ), H2) u˙ ∈ C1([t0, T ), H1); λ,N, ν ∈ C0([t0, T ), W p3 )
∩C1([t0, T ),W p2 ), 1 < p < 2 and N > 0 while σ ∈ C1([t0, T ), C∞) with σt
uniformly equivalent to σ0. This solution is unique up to t parametrization
of τ , choice of At, and choice of a cross section of M−1 over Teich.
3.3 Scheme for global existence.
If the universe is expanding the mean curvature τ starts negative and in-
creases, the universe attains a moment of maximum expansion if it exists up
to τ = 0. We choose the time parameter t by requiring that
t = −1
τ
. (3.3)
Then t increases from t0 > 0 to infinity when τ increases from τ 0 < 0 to zero.
It results from the local existence theorem and a standard argument that
the solution of the Einstein equations exists on [t0,∞) if the curve t 7→
Q(t) remains in a compact subset of Teich and the norms ||γ(t, .), ω(t, .)||H2,
||∂tγ(t, .), ∂tω(t, .)||H1do not blow up for any finite t.
It will result from the following sections that these norms do not blow up
if it is so of the energies that we will now define. However this non blow up
will be proved only for small initial data and the proof of the boundedness
of Q will require the consideration of corrected energies, analogous to the
corrected energies introduced in [CB-M1], but linked with the wave map
structure and more complicated to estimate.
In section 4 the first and second energies are defined. A proof is given
that the first energy is non increasing. Some preliminary properties of gauge
covariant derivatives are given, but the estimate of the second energy is
posponed after the estimates of the coefficients of the wave map equation
through the elliptic equations they satisfy.
In sections 5 and 6 we obtain these elliptic estimates for the difference of
various quantities with what will be their asymptotic value, in terms of the
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energies previously defined. We choose σt such that R(σt) = −1, we suppose
that the energies are bounded by some number HE and that the projection
of σt on the Teichmu¨ller space remains in a compact subset. We first obtain
bounds in H1 for h, and λ in H2, then bounds for h in W
p
2 , 2 −N and ν in
W p3 , 1 < p < 2. We also bound
5 ∂tσt.
In section 8 we use the estimates found on the coefficients of the wave map
equation to obtain a non linear differential inequality for the second energy.
We could deduce from it, by a continuity argument, an a priori bound for
this energy also (the first energy has been shown to be non decreasing) if
we knew that the metrics σt are all uniformly equivalent. To obtain such
a result we must prove the decay of the energies. This decay is proved in
section 9 and 10 through the introduction of modified energies. The proof is
more involved than in the unpolarized case, but follows essentially the same
lines. All the obtained estimates lead to a global existence theorem by a
continuity argument.
4 Energies.
4.1 First energy.
4.1.1 Definition.
We denote below by |.| a norm in the metric G and |.|g a norm in the metrics
g and G, in particular:
|u′|2 ≡ 2(γ′)2+ 1
2
e−4γ(ω′)2 , |Du|2g ≡ gab(2DaγDbγ+
1
2
e−4γDaωDbω) (4.1)
The 2+1 dimensional Einstein equations with source the stress energy tensor
of the wave map u contain the following equation (hamiltonian constraint)
2N−2(T00 −(3) S00) = |u′|2 + |Du|2g + |k|2g −R(g)− τ 2 = 0 (4.2)
The splitting of the covariant 2-tensor k into a trace and a traceless part:
kab = hab +
1
2
gabτ (4.3)
5We did not need this bound in CB-M1 due to the consideration of a special class of
initial data, whose property (equation 47) was conserved in time: this conservation does
not hold in the unpolarized case.
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gives that:
|k|2g = gacgbdkabkcd = |h|2g +
1
2
τ 2 (4.4)
and the hamiltonian constraint equation reads
|u′|2 + |Du|2g + |h|2g = R(g) +
1
2
τ 2 (4.5)
Inspired by this equation, we define the first energy by the following
formula
E(t) ≡
∫
Σt
(I0 + I1 +
1
2
|h|2g)µg
with
I0 ≡ 1
2
| u′ |2≡ (γ′)2 + 1
4
e−4γ(ω′)2,
I1 ≡ 1
2
| Du |2g≡| Dγ |2g +
1
4
e−4γ | Dω |2g
that is:
E(t) ≡ 1
2
{‖ u′ ‖2g + ‖ Du ‖2g + ‖ h ‖2g} (4.6)
with ‖ . ‖2gthe square of the integral in the metric g of |.|2g. This energy is the
first energy of the wave map u completed by the square of the L2(g) norm
of h.
4.2 Bound of the first energy.
The integration of the hamiltonian constraint on (Σt,g) using the constancy of
τ and the Gauss Bonnet theorem which reads, with χ the Euler characteristic
of Σ
∫
Σt
R(g)µg = 4πχ (4.7)
shows that
E(t) =
τ 2
4
V olg(Σt) + 2πχ, V olg(Σt) =
∫
Σt
µg.
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Recall that on a compact manifold
dV olgΣt
dt
=
1
2
∫
Σt
gab
∂gab
∂t
µg = −τ
∫
Σt
Nµg.
We use the equation
N−1(3)R00 ≡ ∆gN −N |k|2g + ∂tτ = N |u′|2
together with the splitting of k to write after integration, since τ is constant
in space,
1
2
τ 2
∫
Σt
Nµg =
dτ
dt
V olg(Σt)−
∫
Σt
N(|h|2g + |u′|2)µg
We then find as in [CB-M1] that it simplifies to:
dE(t)
dt
=
1
2
τ
∫
Σt
(|h|2g + |u′|2)Nµg. (4.8)
We see that E(t) is a non increasing6 function of t if τ is negative. We
remark that, due to the use of the constraints DN does not appear in 4.8,
as it would have if we had used only the wave map energy.
We set
ε ≡ {E(t)} 12 , ε0 ≡ {E(t0)} 12 , (4.9)
we have proved that if τ ≤ 0 then
ε ≤ ε0. (4.10)
4.3 Second energy.
4.3.1 notations.
We denote by ∇ˆ a covariant derivative in the metrics g andG, for t dependent
sections of the fiber bundle Ep,q with base Σ and fiber ⊗pT ∗xΣ⊗q Tu(x)P, with
P the Poincare´ plane. That is we set, for ∂cu
A, a section of E1,1,
∇ˆb∂cuA ≡ ∂b∂cuA − Γabc∂Aa +GABC∂buB∂cuC (4.11)
6The absence of the term |Du|2 prevents the use of this equality to obtain a decay
estimate.
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where Γabc and G
A
BC denote respectively the connection coefficients of the
metric g, and of G given in the remark 2.2. For u′A, section of E0,1, we have:
∇ˆau′A = ∂au′A +GABC∂auBu′C . (4.12)
while for GAB, section of E
0,2 it holds that
∇ˆaGAB = 0. (4.13)
On the other hand we define by ∂ˆ0 a differential operator mapping a t de-
pendent section of a bundle Ep,q into another such section by the formula:
∂ˆ0∇ˆpuA = ∂¯0∇ˆpuA +GABC∂0uB∇ˆ
p
uC (4.14)
with 7
∂¯0 ≡ ∂t − Lν (4.15)
where Lν denotes the Lie derivative with respect to the shift ν. In particular:
∂ˆ0u
′A = ∂0u′A +GABC∂0u
Bu′C (4.16)
and
∂ˆ0G
AB = 0. (4.17)
With these notations the wave map equation reads:
−∂ˆ0u′A + ∇ˆa(N∂auA) +Nτu′ = 0. (4.18)
We will use the following lemma, which can be foreseen, and also checked8
by direct computation.
Lemma 4.1 The following commutation relations are satisfied:
∂ˆ0∂au
A = ∇ˆa∂0uA, (4.19)
∂ˆ0∇ˆa∂0uA − ∇ˆa∂ˆ0∂0uA = RCBAD∂0uC∂auB∂0uD, (4.20)
∂ˆ0∇ˆa∂buA − ∇ˆa∂ˆ0∂buA = RCBAD∂0uC∂auB∂buD − ∂cuA∂ˆ0Γcab. (4.21)
7Operator on tensors denoted ∂ˆ0 in [CB-Yo]. Note that only ∂0u
A is defined, since u
is a mapping, not a tensor, and that ∂¯0u
′A ≡ ∂0u′A..
8See CB1.
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We recall the identities
∂ˆ0g
ab = ∂¯0g
ab = 2Nkab, (4.22)
∂ˆ0Γ
c
ab = ∂¯0Γ
c
ab = ∇c(Nkab)−∇a(Nkcb)−∇b(Nkca). (4.23)
4.3.2 Definition.
We define the second energy by the following formula
E(1)(t) ≡
∫
Σt
(J0 + J1)µg (4.24)
with
J1 =
1
2
| ∆ˆgu |2≡ 1
2
{(2(∆ˆgγ)2 + 1
2
e−4γ(∆ˆgω)2} (4.25)
J0 =
1
2
| ∇ˆu′ |2g≡
1
2
{2|∇ˆγ′|2g +
1
2
e−4γ|∇ˆω′|2g}. (4.26)
4.3.3 Estimate.
We postpone the computation and estimate of the derivative of E(1)(t) until
after the estimates of h, λ,N and ν. We set:
E(t) ≡ ε2, E(1)(t) ≡ τ 2ε21 (4.27)
4.4 Norms.
We suppose chosen a smooth cross section Q → ψ(Q) of M−1 over the Te-
ichmuller space Teich, together with a C
1 curve t→ Q(t). We are then given
by lift to M−1 a regular metric σt for t ∈ [t0, T ], with scalar curvature -1.
Definition 4.1 Hypothesis Hσ : the curve is contained in a compact subset
of Teich.
Under the hypothesis Hσ the metric σt is uniformly equivalent to the
metric σ0 ≡ σt0 . A t− dependent Sobolev constant on (Σ, σt) is uniformly
equivalent to a number. We denote by Cσ any such number, which depends
only on the considered compact subset of Teich.
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The spaces W ps (σt) are the usual Sobolev spaces of tensor fields on the
riemannian manifold (Σ, σt). By the hypothesis on σt their norms are uni-
formly equivalent for t ∈ [t0,, T ] to the norm in W ps (σ0) denoted simply W ps .
We set W 2s = Hs.
We denote now by |.| a pointwise norm in the σ and G metrics; ‖ . ‖ and
‖ . ‖p denote L2 and Lp norms in the σ metric.
We denote by Dˆ a covariant derivative relative to the metrics σ and G.
A lower case index m orM denotes respectively the lower or upper bound
of a scalar function on Σt. It may depend on t.
Lemma 4.2 It holds that:
1.
||Du||2 ≡ ||Du||2g ≤ 2ε2, ||u′||2 ≤ e−2λm ||u′||2g ≤ 2e−2λmε2. (4.28)
2.
||DˆDu||2 ≤ 2e2λM τ 2ε21 + ε2. (4.29)
Proof. 1. Results directly from the definitions.
2. By definition
||DˆDu||2 =
∫
Σ
DˆaDbu.DˆaDbuµσ (4.30)
=
∫
Σ
{Dˆa(Dbu.DˆaDbu)−Dbu.DˆaDˆaDbu}µσ = −
∫
Σ
Dbu.DˆaDˆaDbuµσ (4.31)
(since Dbu.∇ˆaDbu is an ordinary covariant vector on Σ its divergence inte-
grates to zero).
The Ricci commutation formula gives that, with ρab = −12σab the Ricci
curvature of the metric σ:
DˆaDˆaDbu
C = DˆaDˆbDau
C = Dˆb∆ˆu
C + ρb
cDcu
C +DauADbu
BRAB,
C
DDau
D.
(4.32)
By another integration by parts 4.31 gives then
∫
Σ
−Dbu.DˆaDˆaDbuµσ =
∫
Σ
{|∆ˆu|2−Dbu.(ρcbDcuC+DauADbuBRAB,.DDauD)}µσ
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On a 2 dimensional manifold the Riemann curvature is given by:
RAB,
C
D =
1
2
R(G){δCAGBD − δCBGAD} (4.33)
A straightforward computation gives therefore
Dbu.DauADbu
BRAB,
.
DDau
D = (4.34)
1
2
R(G)DbuEDauADbu
BDau
D{GAEGBD −GBEGAD} = (4.35)
1
2
R(G){(Dbu.Dau)(Dbu.Dau)− (Dbu.Dbu)(Dau.Dau)} = (4.36)
1
2
R(G){|Du.Du|2 − | |Du|2|2} (4.37)
In the case of the Poincare´ plane R(G) = −4, hence
−Dbu.DauADbuBRAB,.DDauD = 2{|Du.Du|2 − | |Du|2|2} ≤ 0, (4.38)
because
|Du.Du| ≤ |Du|2. (4.39)
5 First elliptic estimates.
The equations for h, λ, N, and ν are elliptic equations on (Σt, σt), identical
with those written in [CB-M1], except that in the coefficients Du.u˙, |Du|2,
|u˙|2 which appear in these equations u is now a wave map and not a scalar
function. The estimates obtained in [CB-M1] in terms of ε and ε1 will be
valid if the new coefficients satisfy the same estimates in terms of our new ε
and ε1.
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5.1 Basic bounds on N and λ.
The generalized maximum principle9 applied to the equations 2.24 and 2.23
satisfied respectively by N and λ shows that, with our choice of the time
parameter
t = −τ−1, (5.1)
it holds that
0 ≤ Nm ≤ N ≤ NM ≤ 2, (5.2)
e−2λM ≤ e−2λ ≤ e−2λm ≤ 1
2
τ 2. (5.3)
Definition 5.1 We say that the hypothesis10 Hλ is satisfied if there exists a
number cλ > 1, independent of t, such that
1√
2
eλM |τ | ≤ cλ. (5.4)
and we denote by Cλ any positive continuous function of cλ ∈ R+.
5.2 L2 estimates of || |Du|2|| and || |u˙|2||.
Under the hypothesis Hσ and Hλ there exist numbers Cσ, Cλ such that u
satisfies the same inequalities as in the polarized case, that is:
Lemma 5.1
|| |Du|2|| ≤ CσCλ{ε2 + εε1}. (5.5)
‖ | u′ |2 ‖ ≤ CσCλτ 2ε(ε+ ε1). (5.6)
‖ | u˙ |2 ‖ ≤ CσCλτ−2ε(ε+ ε1). (5.7)
9The coefficients in these equations belong to the same functional spaces as in [CB-M1],
as will be proved in the next subsection which will also estimate them.
10This hypothesis replaces the hypothesis Hc made on v in [CB-M1].
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Proof. A Sobolev embedding theorem applied to the scalar function
|u′|2 gives that:11
‖ | u′ |2 ‖ ≤ Cσ(‖|u′|2‖1 + ‖D|u′|2‖1).
It holds that
D|u′|2 ≡ 2u′.Dˆu′
therefore, since Dˆu′ ≡ ∇ˆu′,
‖D|u′|2‖1 ≤ 2||u′|| ||Dˆu′|| ≤ 2e−λm ||u′||g ||∇ˆu′||g
Hence, since ‖|u′|2‖1 ≡ ||u′||2, and using the bound 5.3 of λ
‖ | u′ |2 ‖ ≤ Cσe−λm ||u′||g(e−λm ||u′||g + ||Dˆu′||g) ≤ Cσ|τ |2ε(ε+ ε1)
By the definition of u˙ it holds that.
‖ |u˙|2 ‖≤ e4λM ‖ |u′|2 ‖,
hence
‖ | u˙ |2 ‖ ≤ Cσe4λM τ 2ε(ε+ eλM |τ |ε1) ≤ CσCλτ−2ε(ε+ ε1).
On the other hand, since
D|Du|2 ≡ 2Du.DˆDu, (5.8)
it holds that, using again the Sobolev embedding theorem
‖ | Du |2 ‖ ≤ Cσ‖Du‖(‖Du‖+ ‖DˆDu‖)
which gives using lemma 4.2
‖ | Du |2 ‖ ≤ Cσε(ε+ eλM |τ |ε1)
hence under the hypothesis Hλ :
‖ | Du |2 ‖ ≤ CσCλε(ε+ ε1).
11See C.B2, here case n=2.
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Lemma 5.2
|| |Du|2||g ≤ CσCλ|τ |ε{ε+ ε1}. (5.9)
‖ | u′ |2 ‖g ≤ CσCλ|τ |ε(ε+ ε1). (5.10)
Proof. The inequalities 5.5 and 5.6 imply that
‖ | u′ |2 ‖g ≡ (
∫
Σt
|u′|4µg)
1
2 ≤ eλM‖ | u′ |2 ‖ ≤ CλCσ|τ |ε(ε+ ε1)
and, using the lower bound of λ,
‖ | Du |2 ‖g ≡ (
∫
Σt
|Du|4gµg)
1
2 ≤ e−λm‖ | Du |2 ‖ ≤ CσCλ|τ |ε(ε+ ε1).
5.3 Estimate of h in H1.
We have defined the auxiliary unknown h by
hab ≡ kab − 1
2
gabτ
5.3.1 Estimate of ||h||.
The L2 norm of h on (Σ, σ) is bounded in terms of the first energy and an
upper bound λM of the conformal factor since we have
‖ h ‖2=
∫
Σt
σacσbdhabhcdµσ ≤ e2λM ‖ h ‖2L2(g)≤ 2e2λM ε2.
5.3.2 Estimate of ‖ Dh ‖ .
The tensor h satisfies the equations
Dah
a
b = Lb ≡ −∂au.
.
u
It is the sum of a TT (transverse, traceless) tensor hTT ≡ q and a conformal
Lie derivative r:
h ≡ q + r
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It results from elliptic theory that on each Σt the tensor r satisfies the esti-
mate
‖ r ‖H1≤ Cσ ‖ Du.
.
u ‖≤ Cσ ‖ |Du|2 ‖ 12‖ | .u|2 ‖ 12 .
It results from the inequalities of the lemma 5.2 that
‖ r ‖H1≤ CσCλe2λM |τ |ε{(ε+ ε1)(ε+ ε1eλM |τ |)}
1
2
We recall that for the transverse part hTT = q it holds that
‖ Dq ‖=‖ q ‖≤‖ h ‖ + ‖ r ‖
therefore
‖ Dh ‖≤ eλMε{
√
2 + Cσe
λM |τ |(ε+ ε1eλM |τ |) 12 (ε+ ε1) 12}.
Definition 5.2 We say that the hypothesis HE is satisfied if there exists a
positive number cE such that ε+ ε1 ≤ cE . We denote by CE any continuous
and positive function of cE ∈ R+.
If the hypothesis Hσ, Hλ and HE are satisfied, h verifies the inequality:
‖ Dh ‖≤ Cλ|τ |−1ε(1 + CσCλCE).
5.4 Estimates for the conformal factor λ.
The conformal factor λ satisfies on each Σt the equation
∆λ = f(λ) ≡ p1e2λ − p2e−2λ + p3
where the coefficients pi are given by
p1 =
1
4
τ 2, p2 =
1
2
(| h |2 + | u˙ |2), p3 = −1
2
(1+ | Du |2)
The equation admits the subsolution λ− given by
e−2λ− =
1
2
τ 2
and it holds that
λ− ≤ λm ≤ λ ≤ λM ≤ λ+
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with λ+ a supersolution, for example:
λ+ = θ + v −minv
where v is the solution with mean value zero on Σt of the linear equation
∆v = f(θ) ≡ p1e2θ − p2e−2θ + p3
with12 e2θ a t− dependent number, positive solution of the equation
p¯1e
4θ + p¯3e
2θ − p¯2 = 0,
where f¯ denotes the mean value on (Σ, σ) of a function f :
f¯ ≡ 1
Vσ
∫
Σ
fµσ, Vσ ≡
∫
Σ
µσ = −4πχ.
Using the expressions of p¯2, p¯3 and p¯1 =
1
4
τ 2, together with
‖ .u ‖2≤ e2λM ‖ u′ ‖2g, and ‖ h ‖2≤ e2λM ‖ h ‖2g
and the expression of ε2 ≡ E(t) we have found in [CB-M1], section 8.1 (recall
that Vσ = −4πχ, a constant) that (we have renamed θ the t− dependent
number ω of CB-M1):
0 ≤ 1
2
τ 2e2θ − 1 ≤ V −1σ (1 +
τ 2
2
e2λM )ε2 ≤ Cλε2 (5.11)
Lemma 5.3 The following inequalities hold
1.
0 ≤ λM − θ ≤ 2 ‖ v ‖L∞ . (5.12)
2.
1 ≤ 1
2
τ 2e2λM ≤ 1 + Cλε2 + CλCE ‖ v ‖L∞ e4‖v‖L∞ (5.13)
Proof. 1. It holds that
λM ≤ sup λ+ = θ +maxv −minv, (5.14)
from which results 5.12.
12We have renamed θ the function called ω in [CB-M1].
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2. The inequality 5.12 implies by elementary calculus
e2(λM−θ) ≤ 1 + 4||v||L∞e4||v||L∞ (5.15)
.The inequalities 5.11 and 5.15 imply that
1
2
τ 2e2λM ≤ (1 + Cλε2)(1 + 4 ‖ v ‖L∞ e4‖v‖L∞ ), (5.16)
from which the inequality 5.13 follows.
5.4.1 Estimate of v.
The equation satisfied by v implies
∫
Σ
|Dv|2µσ = −
∫
Σ
f(θ)vµσ
hence
‖ Dv ‖2≤‖ f(θ) ‖‖ v ‖
but the Poincare´ inequality applied to the function v which has mean value
0 on Σ gives
‖ v ‖2≤ [Λσ]−1 ‖ Dv ‖2
where Λσ is the first (positive) eigenvalue of - ∆σ for functions on Σt with
mean value zero. Therefore on each Σt
‖ Dv ‖≤ [Λσ]−1/2 ‖ f(θ) ‖
We use Ricci identity and R(σ) = −1 to obtain that
‖ ∆σv ‖2=‖ D2v ‖2 −1
2
‖ Dv ‖2
The equation satisfied by v implies then, as in [1],
‖D2v‖2 = ‖f(θ)‖2 + 1
2
‖Dv‖2
Assembling these various inequalities gives that:
‖ v ‖H2≤ [1 + 3/(2Λσ) + 1/Λ2σ]1/2 ‖ f(θ) ‖
30
The Sobolev inequality
‖ v ‖L∞≤ Cσ ‖ v ‖H2
gives then a bound on the L∞ norm of v on Σt in terms of the L2 norm of
f(θ), a Sobolev constant Cσ and the lowest eigenvalue Λσ of −∆σ, which is
itself a number Cσ.
We now estimate the L2 norm of f(θ).
f(θ) ≡ f ≡ p1e2θ − p2e−2θ + p3.
By the isoperimetric inequality, and since f¯ = 0, there exists a constant Cσ
such that:
‖f‖ ≤ Cσ‖Df‖1
We want to bound the right hand side in terms of the first and second energies
of the wave map. We have by the definition of f and the expression of the
p′s that:
‖Df‖1 ≤ 1
2
{‖D|Du|2‖1 + e−2θ(‖D|h|2‖1 + ‖D|u˙|2‖1)}
Lemma 5.4 The following estimate holds under the hypothesis Hλ:
1
2
‖ D|Du|2 ‖1≤ Cλ(ε2 + εε1)
Proof. We have:
D|Du|2 = 2Du.Dˆ2u
hence
‖D|Du|2‖1 ≤ 2‖Du‖‖Dˆ2u‖
We have seen that
‖Du‖ =‖ Du ‖g , ‖Dˆ2u‖ ≤ eλM‖∆ˆgu‖g + (1/
√
2)‖Du‖g (5.17)
which implies the given result under the hypothesis Hλ and the definitions
of ε and ε1.
Lemma 5.5 The following estimates hold under the hypothesis Hσ, HE and
Hλ :
1.
1
2
e−2θ ‖ D|h|2 ‖1≤ CσCECλε2
2.
1
2
e−2θ‖D|u˙|2‖1 ≤ CECλCσ(ε2 + εε1). (5.18)
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Proof. 1. We have:
‖ D|h2| ‖1≤ 2 ‖ h ‖‖ Dh ‖
Using the inequalities of sections 5.3.1 and 5.3.2 we find that
‖ D|h2| ‖1≤ CECλτ−2ε2
The given result follows from the bound 5.11 of e−2θ.
2. The estimate given in [CB-M1], lemma 21, when u is a scalar function
holds when u is a wave map, with the same proof which, as far as u is
concerned, contains only norms. It gives the announced inequality.
We denote by CE,λ,σ a number depending only on cE , cλ and the consid-
ered compact domain of Teich.
Lemma 5.6 There exists a number CE,λ,σ such that the L
∞ norm of v is
bounded by the following inequality
‖ v ‖∞≤ CE,λ,σ(ε2 + εε1) (5.19)
Proof. Recall that there exists a Sobolev constant Cσ such that
‖v‖∞ ≤ Cσ{‖D|Du|2‖1 + e−2ω(‖D|h|2‖1 + ‖D|u˙|2‖1)}
The three terms in the sum have been evaluated in the lemma 5.4.
Theorem 5.7 1.It holds that:
1 ≤ 1
2
τ 2e2λM ≤ 1 + CE,λ,σ(ε+ ε1)2, (5.20)
2. There exists a number η1 > 0 such that the hypothesis Hλ is satisfied,
i.e.:
1 ≤ 1√
2
|τ |eλM ≤ cλ, cλ > 1, (5.21)
as soon as
ε+ ε1 ≤ η1. (5.22)
Proof. 1. The lemmas 5.3 and 5.6.
2. By 5.23 it holds that, with CE,λ,σ the number of that inequality,
1 ≤ 1√
2
|τ |eλM < cλ if (ε+ ε1)2 < c
2
λ − 1
CE,λ,σ
. (5.23)
The result follows from a continuity argument.
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5.4.2 Bound of λ in H1.
The following theorem holds, with the same proof as the theorem 23 of [CB-
M1].
Theorem 5.8 The following estimate holds
||Dλ||H1 ≤ CE,λ,σ(ε2 + εε1). (5.24)
6 Estimates in W ps .
6.1 Estimates for h in W p2 .
The estimates of h in W p2 , with 1 < p < 2 (for definiteness we will choose
p = 4
3
) will be obtained using estimates for the conformal factor λ which have
been obtained by using the H1 norm of h.
Theorem 6.1 Under the H hypotheses there exists a positive number CE,λ,σ
such that the W p2 norm of h, choosing to be specific p =
4
3
, is bounded by
‖ h ‖W p2≤ CE,λ,σ|τ |−1(ε+ ε1)
Corollary 6.2 It holds that
|τ | ‖ h ‖∞≤ CE,λ,σ(ε+ ε1)
and that
‖ h ‖L∞(g)≤ CE,λ,σ|τ |(ε+ ε1).
Proof. The inequalities satisfied by ||h||W p2 in [CB-M1], with p = 43 ,
are still valid when u is a wave map, with the same proof, in particular
because ‖ Du. .u ‖ 4
3
and ‖ D(Du. .u) ‖ 4
3
satisfy estimates of the same type as
in [CB-M1]; indeed, using section 5.2:
‖ Du. .u ‖ 4
3
≤‖ Du ‖‖ .u ‖4≤ CE,λ,σ|τ |−1ε 32 (ε+ ε1) 12 .
On the other hand a straightforward calculation gives
D(Du.
.
u) ≡ Dˆ(Du).u˙+Du.Dˆu˙ (6.1)
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hence
‖ D(Du. .u) ‖ 4
3
≤‖ Dˆ2u ‖‖ .u ‖4 + ‖ |Du| ‖4‖ Dˆ .u ‖
which gives, using previous estimates
‖ D(Du. .u) ‖ 4
3
≤ CλCσeλM{ε 12 (ε+ ε1) 32 + ε 32 (ε+ ε1) 12}
The result of the theorem follows from the bound of ε by ε+ ε1.
The corollary is a consequence of the Sobolev embedding theorem,
‖ h ‖∞≤ Cσ ‖ h ‖W p2 if p > 1,
and the estimate .
‖ h ‖L∞(g)= SupΣ{gacgbdhabhcd} 12 ≤ e−2λm ‖ h ‖∞≤ 1
2
τ 2 ‖ h ‖∞
6.2 W
p
3 estimates for N.
6.2.1 H2 estimates of N.
Theorem 6.3 There exists a number CE,λ,σ such that the H2norm of N
satisfies the inequality
‖ 2−N ‖H2≤ CE,λ,σ(ε2 + εε1)
Corollary 6.4 a. It holds that:
‖ 2−N ‖L∞≤ CE,λ,σ(ε2 + εε1) (6.2)
b. There exists η2 > 0 such that
ε+ ε1 ≤ η2 (6.3)
implies the existence of a positive number Nm (independent of t) such that
N ≥ Nm > 0.
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Proof. We write, as in [CB-M1] the equation satisfied by N in the form
∆(2−N)− (2−N) = β
with, having chosen the parameter t such that ∂tτ = τ
2,
β ≡ (2−N)(e2λ 1
2
τ 2 − 1)−N(e2λ | u′ |2 +e−2λ | h |2)
The standard elliptic estimate applied to the form given to the lapse equation
gives
‖ 2−N ‖H2≤ Cσ ‖ β ‖
Since 0 < N ≤ 2 and e−2λ ≤ 1
2
τ 2 it holds that
‖ β ‖≤ 2(1
2
e2λM τ 2 − 1)V 1/2σ + 2(e2λM ‖ |u′|2 ‖ +
1
2
τ 2 ‖ |h|2 ‖) (6.4)
The L4 norms of h and u′ as well as 1
2
e2λM τ 2 − 1 have been estimated in the
section on the conformal factor estimate. We deduce from these estimates
the bound
‖ β ‖≤ CE,λ,σ(ε2 + εε1).
which gives the result of the theorem.
The corollary a. is a consequence of the Sobolev embedding theorem, b.
is a consequence of a.
6.2.2 L∞ estimate of DN.
Theorem 6.5 Under the hypotheses H there exist numbers CE, Cλ and Cσ
such that if 1 < p < 2, for instance p = 4
3
‖ 2−N ‖W p3≤ CλCσCE(ε2 + εε1). (6.5)
Corollary 6.6 The gradient of N satisfies the inequality:
‖ DN ‖L∞(g) | ≤ CλCσCE |τ |(ε2 + εε1) (6.6)
Proof. The proof, essentially the same as in [CB-M1] rests on the W p1
estimate of β, since applying the standard elliptic estimate gives
‖ 2−N ‖W p3≤ Cσ ‖ β ‖W p1 (6.7)
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The estimate of
‖ β ‖p≤ V
1
p
− 1
2
σ ‖ β ‖
is the same as in [CB-M1] theorem 28. In the estimate ‖ Dβ ‖pthe difference
could be only in the estimate of the term ‖ D|u′|2 ‖p. We have here
D|u′|2 ≡ 2u′.Dˆu′ (6.8)
hence, with p = 4
3
‖ D|u′|2 ‖p≤ 2 ‖ u′ ‖4‖ Du′ ‖ +2e4(γM−γm)||Dγ||4||e−2γω′||24
which leads to the same estimate as in [CB-M1]:
||β||W p1 ≤ CE,λ,σ(ε2 + εε1).
The corollary is a consequence of the Sobolev embedding theorem and
the relation between σ and g norms:
‖ DN ‖L∞(g)≤ e−λm ‖ DN ‖∞≤ e−λmCσ ‖ DN ‖W p2≤ CE,λ,σ|τ |(ε2 + εε1)
7 ∂tσ and shift estimates.
7.1 ∂tσ estimate.
We have chosen a section ψ ofM−1 over Teichmuller space, denoted σ ≡ ψ(Q)
and supposed (Hypothesis Hσ) that Q remains in a compact subset of Teich.
We then have:
∂tσab =
∂ψab
∂QI
dQI
dt
(7.1)
where ∂ψ
∂QI
is uniformly bounded. Hence it holds that
|∂tσ| ≤ Cσ|dQ
dt
|. (7.2)
We recall that Q satisfies the differential equation
XIJ
dQI
dt
+ YIJP
I + ZJ = 0
36
where XIJ ≡
∫
Σt
XabI XJ,abµσt is a matrix X with uniformly bounded inverse
while YIJ and ZJ admit the following bounds, deduced from the basic esti-
mates of N, λ and the L2 bound of r :
|YIJ | ≡ |
∫
Σt
2Ne−2λXabI XJ,abµσt | ≤ Cστ 2
|ZJ | ≡ |
∫
Σt
2Ne−2λrabXabJ µσt | ≤ Cστ 2||r|| ≤ CσCE|τ |ε(ε+ ε1).
On the other hand we recall that
qab ≡ hTTab ≡ XI,abP I (7.3)
hence
P I ≡ (X−1)IJ
∫
Σt
XabJ qabµσ. (7.4)
Therefore:
|P I | ≤ Cσ||q|| ≤ Cσ(||h||+ ||r||) ≤ CσCE|τ |−1(ε+ ε1) (7.5)
hence
|YIJP J | ≤ CσCE |τ |(ε+ ε1). (7.6)
We have obtained inequalities of the following type:
|dQ
dt
| ≤ CσCE |τ |(ε+ ε1), |∂tσ| ≤ CσCE|τ |(ε+ ε1). (7.7)
The derivatives Dk∂tσ satisfy inequalities of the same type.
7.2 Shift estimate.
The equation to be satisfied by the shift ν reads, with na the covariant
components of the vector ν in the metric σ, i.e. na ≡ σabνb ≡ e−2λgabνb:
(Lσn)ab ≡ Danb +Dbna − σabDcnc = fab (7.8)
fab ≡ 2Ne−2λhab + ∂tσab − 1
2
σabσ
cd∂tσcd
The elliptic theory for this first order system gives the estimate
||n||W p3 ≡ ||ν||W p3 ≤ Cσ||f ||W p2 (7.9)
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with, if p > 1, using the bound 5.3 of e−2λ,
||f ||W p2 ≤ CσCE{τ 2||N ||W p2 ||λ||W p2 ||h||W p2 + ||∂tσ||W p2 }. (7.10)
Hence, using previous estimates
||f ||W p2 ≤ CσCE |τ |(ε+ ε1). (7.11)
8 Second energy estimate.
We have defined the energy E(1)(t) of gradient u by the formula
τ 2ε21 ≡ E(1)(t) ≡
∫
Σt
(J0 + J1)µg (8.1)
with
J1 =
1
2
| ∆ˆgu |2≡ 1
2
{2(∆ˆgγ)2 + 1
2
e−4γ(∆ˆgω)2} (8.2)
J0 =
1
2
| Dˆu′ |2g≡
1
2
{2|Dˆγ′|2g +
1
2
e−4γ|Dˆω′|2g} (8.3)
8.1 Second energy equality.
We have:
d
dt
∫
Σt
(J1 + J0)µg =
∫
Σt
{∂t(J1 + J0)− (Nτ −∇aνa)(J1 + J0)}µg (8.4)
On a compact manifold Σ, divergences integrate to zero, which leads to the
following formula where the shift does not appear explicitly:
d
dt
∫
Σt
(J1 + J0)µg =
∫
Σt
{∂0(J1 + J0)−Nτ (J1 + J0)}µg (8.5)
with, since ∂ˆ0GAB = 0,
∂0J1 = ∂ˆ0∆ˆgu.∆ˆgu (8.6)
We deduce from the commutation relation of the lemma 4.1 that
∂ˆ0∆ˆgu
A = gab(∇ˆa∂ˆ0∂buA − ∂cuA∂ˆ0Γcab) + ∂ˆ0gab∇ˆa∂buA + FˆA1 (8.7)
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with
FˆA1 ≡ gabRCBAD∂0uC∂auB∂buD. (8.8)
Hence, using the identities 4.23:
∂ˆ0∆ˆgu
A = gab∇ˆa∂ˆ0∂buA +Nτ∆ˆguA + FA1 + FˆA1 , (8.9)
with
FA1 ≡ 2∂cuA(hacg ∂aN +N∇akac) + 2Nhabg ∇ˆa∂buA. (8.10)
We have therefore, using Stokes formula, and ∂ˆ0∂bu ≡ ∇ˆb(Nu′)∫
Σt
∂0J1µg =
∫
Σt
{−N∇ˆau′.∇ˆa∆ˆgu+2NτJ1−∂aNu′.∇ˆa∆ˆgu+(F1+Fˆ1).∆ˆgu}µg
(8.11)
On the other hand
∂0J0 = g
ab∂ˆ0∇ˆau′.∇ˆbu′ +N(habg +
1
2
gabτ)∂au
′.∂bu′
where we have used the identity, habg denoting the contravariant components
of hab computed with the metric g,
∂ˆ0g
ab = 2Nkab ≡ 2Nhabg +Ngabτ .
The commutation relation 4.20 gives that:
gab∂ˆ0∇ˆau′.∇ˆbu′ ≡ ∂ˆ0∇ˆau′.∇ˆau′ = ∇ˆa∂ˆ0u′.∇ˆau′ + Fˆ0, (8.12)
with
Fˆ0 ≡ RAB,CDu′D∂0uA∂auB∇ˆau′C (8.13)
Therefore, using the wave map equation
−∂ˆ0u′ +N∆ˆgu+ ∂aN∂au+Nτu′ = 0. (8.14)
we find that
∂ˆ0∇ˆau′.∇ˆau′ = ∇ˆa[N∆ˆgu+ ∂cN∂cu+Nτu′].∇ˆau′ + Fˆ0 (8.15)
Therefore∫
Σt
∂0J0µg =
∫
Σt
{N∇ˆa∆ˆgu.∇ˆau′ + 3NτJ0 + F0 + Fˆ0}µg (8.16)
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with
F0 ≡ [∂aN∆ˆgu+∇ˆa(∂cN∂cu)].∇ˆau′+τ∂aNu′.∇ˆau′+Nhabg ∇ˆau′.∇ˆbu′ (8.17)
We see that the third order terms in u disappear from the integral of
∂0(J0 + J1) which reduces to∫
Σt
∂0(J0. + J1)µg =
∫
Σt
{3NτJ0 + 2NτJ1}µg + Z1 (8.18)
with
Z1 ≡
∫
Σt
{(F1 + Fˆ1).∆ˆgu+ F0 + Fˆ0}µg (8.19)
We have obtained
dE(1)
dt
=
∫
Σt
Nτ (2J0 + J1)µg + Z1 (8.20)
which we write
dE(1)
dt
− 2τE(1) = τ
∫
Σt
NJ0µg + Z2 + Z1 (8.21)
with
Z2 ≡ τ
∫
Σt
(N − 2)(2J0 + J1)µg. (8.22)
8.2 Second energy inequality.
Since τ is negative (and N positive) the equality 8.21 implies the inequality
dE(1)
dt
− 2τE(1)(t) ≤ Z1 + Z2. (8.23)
We now estimate the various terms of Z1, Z2, called non linear terms
because they are all homogeneous and cubic in habg , N−2, and the derivatives
of N and u. These estimates are essentially the same as the ones given in
[CB-M1], due to the estimates of the previous section. We first write, using
the estimate of ||N − 2||L∞(g) and the definition of ε1 :
|Z2| ≡ |τ
∫
Σt
(N − 2)(2J0 + J1)µg| ≤ CλCσCE|τ |3(ε+ ε1)4. (8.24)
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We now estimate the different terms of Z1, beginning with the terms X1 and
X2 coming from F0 :
|X1| ≡ |
∫
Σt
{(∂aN∆ˆgu+ ∂cN∇ˆa∂cu).∇ˆau′}µg|
A proof analogous to the proof of the lemma 4.2 gives
∫
Σt
|∇ˆDu|2gµg ≤
∫
Σt
{|∆ˆgu|2g −
1
2
R(g)|Du|2g}µg. (8.25)
The hamiltonian constraint 2.21 implies that
R(g) = |u′|2 + |Du|2g + |h|2g −
1
2
τ 2 ≥ −1
2
τ 2 (8.26)
therefore
||∇ˆDu||2g ≤ ||∆ˆgu||2g +
1
4
τ 2||Du||2g (8.27)
Using the estimate 6.6 of DN gives then
|X1| ≤ CE,λ,σ|τ |3(ε+ ε1)4 (8.28)
The remaining, X2, of the integral of F0 is estimated as follows
|X2| = |
∫
Σt
(∇ˆa∂cN)∂cu)].∇ˆbu′µg| ≤ (||∇2N ||L4(g)|| |Du| ||L4(g)||∇ˆu′||g
(8.29)
The estimates of ||∇2N ||L4(g) and || |Du| ||L4(g) given in [CB-M1], section
10.2.2, for the estimate of Y2 applies here, due to the lemma 5.1, and give
|X2| ≤ CE,λ,σ|τ |3(ε+ ε1)4. (8.30)
The terms in
X3 ≡
∫
Σt
F1.∆ˆguµg ≡
∫
Σt
[2∂cu(h
ac
g ∂aN +N∇akac) + 2Nhabg ∇ˆa∂bu].∆ˆguµg
(8.31)
are analogous to terms found in [CB-M1] and can be estimated similarly,
giving an inequality of the form
|X3| ≤ CE,λ,σ|τ |3(ε+ ε1)3. (8.32)
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The new terms, in our unpolarized case, are
X4 ≡
∫
Σt
Fˆ1.∆ˆguµg ≡
∫
Σt
gabRCB,AD∂0u
C∂au
B∂bu
D∆ˆgu
Aµg (8.33)
and
X5 ≡
∫
Σt
Fˆ0µg ≡
∫
Σt
RAB,CDu
′D∂0uA∂auB∇ˆau′Cµg (8.34)
We have here |Riemann(G)| = 4, therefore, using ∂0u ≡ Nu′ and 0 < N ≤ 2,
and the Ho¨lder inequality:
|X4| ≤ 8
∫
Σt
|u′| |Du|2g|∆ˆgu|gµg ≤ 8|τ |ε1||u′||L6(g)|| |Du|2 ||L3(g). (8.35)
and
|X5| ≤ 8||u′||2L6(g)|| |Du|g ||L6(g)|τ |ε1 (8.36)
The L6(g) norms can be estimated as follows. It results from the definitions
that:
|| |Du|g ||L6(g) = {
∫
Σt
e−4λ|Du|6µσ}
1
6 ≤ e− 23λm || |Du| ||6 (8.37)
while, by the Sobolev embedding theorem
|| |Du| ||6 ≤ Cσ(||Du||+ || D|Du| || (8.38)
It holds that
D|Du| = D|Du|
2
2|Du| =
DˆDu.Du
|Du| (8.39)
hence
|D|Du| | ≤ |DˆDu| (8.40)
and
|| |Du| ||6 ≤ Cσ(||Du||+ || DˆDu ||) (8.41)
The inequalities of the lemma 5.1 and the lower bound of λm give then
|| |Du| ||L6(g) ≤ CσCλ|τ | 23 (ε+ ε1)) (8.42)
An analogous proof gives that
||u′||L6(g) ≤ e 13λM ||u′||6 (8.43)
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and
||u′||6 ≤ Cσ(||u′||+ ||D|u′| ||), (8.44)
with
|D|u′| | ≤ |Dˆu′|, ||Dˆu′|| = ||Dˆu′||g (8.45)
therefore, using again the lemma 5.1
||u′||L6(g) ≤ Cσe 13λM |τ |(ε+ ε1) ≤ CσCλ|τ | 23 (ε+ ε1). (8.46)
These estimates imply that
|X4| ≤ CσCλ|τ |3(ε+ ε1)3ε1 (8.47)
and the same inequality for X5. We have proved the following theorem
Theorem 8.1 The second energy satisfies an equality of the form
dE(1)
dt
− 2τE(1)(t) ≤ |τ |3B1. (8.48)
with
|B1| ≤ CσCλCE(ε+ ε1)3.
9 Corrected first energy.
9.1 Definition and lower bound.
One defines as follows a corrected first energy where α is a constant, which
we will choose positive:
Eα(t) = E(t)− ατEc(t), Ec(t) ≡
∫
Σt
(u− u).u′µg (9.1)
where we have set:
(u− u).u′ ≡ 2(γ − γ)γ′ + 1
2
e−4γ(ω − ω)ω′ (9.2)
and denoted by f the mean value on (Σt, σ) of a scalar function f :
f =
1
V olσ(Σt)
∫
Σt
fµσ ≡ −
1
4πχ
∫
Σt
fµσ
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An estimate of Eα will involve second derivatives of u, it cannot alone gives
a bound of the first energy E.
The Cauchy Schwarz inequality on (Σ, g) and the relation between g and
σ imply that:
|
∫
Σt
(γ − γ)γ′µg| ≤ ||γ − γ¯||g ‖ γ′ ‖g≤ eλM ||γ − γ¯|| ||γ′||g (9.3)
Using the Poincare´ inequality and recalling that Λσ denotes the first positive
eigen value of the laplacian ∆σ on functions with mean value zero gives the
majoration (recall that ‖ Df ‖=‖ Df ‖g if f is a scalar function):
|
∫
Σt
(γ − γ)γ′µg| ≤ eλMΛ−1/2σ ‖ Dγ ‖‖ γ′ ‖g (9.4)
an analogous procedure gives, with γm and γM the lower and upper bounds
of γ :
|
∫
Σt
e−4γ(ω − ω)ω′µg| ≤ e2(γM−γm)eλMΛ−1/2σ ‖ e−2γDω ‖‖ e−2γω′ ‖g (9.5)
since
‖ Dω ‖≤ e2γM ‖ e−2γDω ‖ .
Using the definition of the G−norm we see that the inequalities 9.4, 9.5
imply:
|
∫
Σt
(u− u).u′µg| ≤ eλMΛ−
1
2
σ e
2(γM−γm) ‖ Du ‖‖ u′ ‖g (9.6)
with (theorem 5.7)
eλM ≤ |τ |−1{
√
2 + CσCECλ(ε+ ε1)}. (9.7)
Lemma 9.1 It holds that:
γM − γm ≤ CσCECλ{ε+ ε1}.
Proof. We have:
0 ≤ γM − γm ≤ 2 ‖ γ − γ ‖L∞
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The Sobolev imbedding theorem gives therefore that:
γM − γm ≤ 2Cσ ‖ γ − γ ‖H2
hence, using again the Poincare´ inequality to estimate ||γ − γ¯||,
γM − γm ≤ 2Cσ{(Λ−1σ + 1) ‖ Dγ ‖ + ‖ D2γ ‖}.
It results from the definitions of the G norm and of ε that
||Dγ||2 ≤ 1
2
||Du||2 ≤ ε2. (9.8)
On the other hand since γ is a scalar function on a 2-manifold with constant
scalar curvature −1, it holds that:
||D2γ||2 = ||∆γ||2 + 1
2
||Dγ||2 (9.9)
We have
∆γ = ∆ˆγ − 1
2
e−4γ|Dω|2
hence
||∆γ|| ≤ ||∆ˆγ||+ 1
2
|| |e−2γDω|2|| (9.10)
with
||∆ˆγ||2 ≤ 1
2
||∆ˆu||2 ≤ 1
2
e2λM ||∆ˆgu||2 ≤ Cλε21, (9.11)
and, using the lemma 5.1
|| |e−2γDω|2|| ≤ || |Du|2|| ≤ CσCλ{ε2 + εε1}. (9.12)
hence:
||D2γ||2 ≤ CECλCσ(ε21 + ε2) (9.13)
Using the hypothesis HE we deduce from all these inequalities the announced
result.
We deduce from this lemma and the elementary calculus formula:
e2(γM−γm) ≤ 1 + 2(γM − γm)e2(γM−γm)
that there exists an inequality of the form
e2(γM−γm) ≤ 1 + CE,λ,σ(ε+ ε1). (9.14)
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We have proved that
|τ
∫
Σt
(u− u).u′µg| ≤
√
2Λ
− 1
2
σ ‖ Du ‖‖ u′ ‖g +A1 (9.15)
with
|A1| ≤ CE,λ,σε2(ε+ ε1). (9.16)
Therefore:
Eα(t) ≥ 1
2
||h||2g +Qα,Λ(x0, x1)− CE,λ,σε2(ε+ ε1). (9.17)
where ‖ Du ‖= x1, ‖ u′ ‖g= x0, x = (x0, x1) and Qα,Λ is the quadratic form
Qα,Λ(x) ≡ 1
2
(x20 + x
2
1)− α
√
2Λ
− 1
2
σ x0x1. (9.18)
The right hand side of the inequality 9.17 can be positive only if this quadratic
form is positive, that is if:
α <
Λ
1
2
σ√
2
. (9.19)
There exists a number K > 0 such that:
Qα,Λ(x) ≥ 1
2
K(x20 + x
2
1) (9.20)
if the following quadratic form QK is positive definite
QK(x) ≡ (1−K)(x20 + x21)− 2α
√
2Λ
− 1
2
σ x0x1) (9.21)
that is, under the condition 9.19 on α,
0 < K < 1− α
√
2Λ
− 1
2
σ . (9.22)
There will then exist a number 0 < ℓ < K such that
Eα(t) ≥ ℓE(t) (9.23)
as soon as
ε+ ε1 ≤ η3 (9.24)
with (Cσ,E,λ denotes the coefficient of this type in 9.17)
η3 =
K − ℓ
Cσ,E,λ
<
1− α√2Λ−
1
2
σ
Cσ,E,λ
. (9.25)
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9.2 Time derivative of the corrected first energy.
We have (recall that terms involving the shift are exact divergences which
integrate to zero, and we have set dτ
dt
= τ 2):
dEα
dt
=
dE
dt
− ατR with R ≡dEc
dt
+ τEc,
that is:
R ≡
∫
Σt
{∂ˆ0u′.(u− u) + u′.∂ˆ0(u− u)−Nτu′.(u− u) + τu′.(u− u)}µg (9.26)
The mapping u satisfies the wave map equation:
−∂ˆ0u′ + ∇ˆa(N∂au) + τNu′ = 0, (9.27)
therefore, performing an integration by parts where we derivate u − u¯ as if
it were a section of E0,1 we obtain that:∫
Σt
(∂ˆ0u
′ −Nτu′).(u− u)µg =
∫
Σt
∇ˆa(N∂au).(u− u¯)µg (9.28)
=
∫
Σt
−Ngab∂au.∂ˆb(u− u¯)µg (9.29)
where
∂ˆb(u
B − u¯B) ≡ ∂b(uB − u¯B) +GBCD∂buC(uD − u¯D) (9.30)
that is, due to the values of the coefficients GABC (remark 2.2):
∂ˆb(γ − γ¯) ≡ ∂b(γ − γ¯) + 1
2
e−4γ∂bω(ω − ω¯), (9.31)
∂ˆb(ω − ω¯) ≡ ∂b(ω − ω¯)− 2e−4γ [∂bω(γ − γ¯) + ∂bγ(ω − ω¯)] (9.32)
hence, using the expression of the metric G :
∫
Σt
−Ngab∂au.∂ˆb(u− u¯)µg = −
∫
Σt
N{|Du|2g − e−4γgab∂aω∂bω(γ − γ¯)}µg
(9.33)
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The non linear term can be estimated using previous results, namely (recall
gabµg = σ
abµσ):
|
∫
Σt
Ne−4γgab∂aω∂bω(γ − γ¯)µg| ≤ 2||γ − γ¯|| || |e−2γDω|2||. (9.34)
It holds that
||γ − γ¯|| ≤ Λ−
1
2
σ ||Dγ||, ||Dγ||2 ≤ ε2 (9.35)
and, due to the definition of the norm in G and the lemma 5.1,
|| |e−2γDω|2|| ≤ 2|| |Du|2|| ≤ CσCλ(ε+ ε1)2 (9.36)
On the other hand:
∂ˆ0(u− u)A = ∂0(u− u¯)A +GACD∂0uC(u− u¯)D. (9.37)
A straightforward computation using the values of the coefficients GACD gives
that ∫
Σt
u′.∂ˆ0(u− u)µg =
∫
Σt
{N |u′|2 −Ne−4γω′2(γ − γ¯)}µg
−∂tγ¯
∫
Σt
1
2
γ′µg − ∂tω¯
∫
Σt
2e−4γω′µg. (9.38)
The non linear term can be estimated as before:∫
Σt
Ne−4γω′2(γ − γ¯)µg ≤ 2e2λMΛ−
1
2
σ ε|| |u′|2|| ≤ CσCλε2(ε+ ε1) (9.39)
To bound the remaining terms we observe that for a scalar function f ,
since Vσ = −4πχ is a constant, it holds that
∂tf¯ =
1
Vσ
∂t
∫
Σt
fµσ =
1
Vσ
∫
Σt
{∂0f + νa∂af + 1
2
fσab∂tσab}µσ (9.40)
with, for the considered metric σ∫
Σt
σab∂tσabµσ = 0. (9.41)
We write ∂tf¯ under the form (recall that f
′ ≡ N−1∂0f)
∂tf¯ =
1
Vσ
∫
Σt
{2f ′ + (N − 2)f ′ + νa∂af + 1
2
(f − f¯)σab∂tσab}µσ (9.42)
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with
1
Vσ
∫
Σt
2f ′µσ ≡
τ 2
Vσ
∫
Σt
f ′µg +
1
Vσ
∫
Σt
(2− e2λτ 2)f ′µσ (9.43)
We deduce from these equalities that
−∂tγ¯
∫
Σt
γ′µg = −
2
Vσ
(
∫
Σt
γ′µg)
2 +
1
Vσ
X (9.44)
with:
X ≡ {
∫
Σt
[(2− e2λτ 2 +N − 2)γ′ + νa∂aγ + 1
2
(γ − γ¯)σab∂tσab]µσ}{
∫
Σt
γ′µg}
(9.45)
The equality 9.44 implies the inequality:
−∂tγ¯
∫
Σt
γ′µg ≤
1
Vσ
X. (9.46)
All the terms in X are non linear in the energies and can be estimated.
Indeed:
|
∫
Σt
γ′µg| ≤ V
1
2
g ||γ′||g ≤ eλMVσ||γ′||g (9.47)
while (theorems 5.7 and corollary 6.4)
|2− e2λτ 2 +N − 2| ≤ CECλCσ(ε+ ε1)2 (9.48)
and ∫
Σt
|γ′|µσ ≤ V
1
2
σ ||γ′|| ≤ V
1
2
σ e
−λm ||γ′||g, (9.49)
Also
||ν|| ≤ CECσ|τ |(ε+ ε1) (9.50)
and
||Dγ|| = ||Dγ||g ≤ ε (9.51)
Using section 7.1 we find that:
|σab∂tσab| ≤ CσCE|τ |(ε+ ε1). (9.52)
The same type of inequalities applies to the scalar function ∂tω¯, but we
must now use also the identities
e−2γ¯
∫
Σt
ω′µg ≡
∫
Σt
e−2γω′e2(γ−γ¯)µg ≡
∫
Σt
{e−2γω′ + (e2(γ−γ¯) − 1)e−2γω′}µg
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e2γ¯
∫
Σt
e−4γω′µg ≡
∫
Σt
e−2γω′e2(γ¯−γ)µg ≡
∫
Σt
{e−2γω′+(e−2(γ−γ¯)−1)e−2γω′}µg
to obtain an inequality which bounds −∂tω¯
∫
Σt
e−4γω′µg with higher order
terms in the energies, using the bound
|e±2(γ−γ¯) − 1| ≤ 2|γ − γ¯|e2|γ−γ¯| ≤ CE,λ,σ(ε+ ε1). (9.53)
We have proved that
R ≤
∫
Σt
{−N |Du|2 +N |u′|2 + τu′.(u− u¯)}µg + A2 (9.54)
with:
|A2| ≤ CE,λ,σ(ε+ ε1)3. (9.55)
Theorem 9.2 There exist numbers α > 0 and k > 0 such that
dEα
dt
− kτEα ≤ |τA| (9.56)
with
|τA| ≤ |τ |CE,λ,σ(ε+ ε1)3. (9.57)
1. If Λσ >
1
8
the best choice is
α =
1
4
, k = 1 (9.58)
2. Λσ ≤ 18 . Then α and k are such that:
0 < α <
4
8 + Λ−1σ
≤ 1
4
, 0 < k < 1− 1− 4α
(1− 2Λ−1σ α2)
1
2
(9.59)
A number α satisfying the conditions of the above theorem is also such
that 0 < α < Λ
1
2
σ√
2
.
Proof. using 10.54 and the expression 4.8 of dE
dt
we find that:
dEα
dt
≤ τ
∫
Σt
{|h|2+(1−2α)|u′|2+2α|Du|2g]−ατu′.(u− u¯)}µg+ |τA| (9.60)
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where
A ≡ αA1 + A2. (9.61)
with
A2 ≡
∫
Σt
1
2
(N − 2)[|h|2 + (1− 2α)|u′|2 + 2α|Du|2g]µg (9.62)
We deduce from the corollary 6.4 (L∞ estimate of N − 2) that A2 satisfies
the same type of estimate than A1, hence:
|τA| ≤ |τ |CECλCσ(ε+ ε1)3. (9.63)
We look for a positive number k such that the difference dEα
dt
− kτEα can
be estimated with higher order terms in the energies. We deduce from 9.60
that:
dEα
dt
− kτEα ≤ τ{||h||g2 + (1− 2α− k
2
)||u′||g2 + (2α− k
2
)||Du||2g (9.64)
+α
∫
Σt
|τ |(1− k)u′.(u− u¯)µg}+ |τA| (9.65)
We have seen that:
|τ
∫
Σt
u′.(u− u)µg| ≤
√
2Λ−1/2σ ||u′||g||Du||g + A1, (9.66)
Since τ < 0, it will hold that
dEα
dt
− kτEα ≤ |τA|, A ≡ A1 + A2 + A3. (9.67)
if the quadratic form
Qα,k(x) ≡ (1− 2α− k
2
)x20 + (2α−
k
2
)x21 − α(1− k)
√
2Λ−1/2σ x0x1 (9.68)
is non negative.
The quadratic form Qα,k is non negative if:
k ≤ 4α, and k ≤ 2(1− 2α) (9.69)
and k is such that its discriminant is negative, that is:
2α2Λ−1σ (1− k)2 − 4(2α−
k
2
)(1− 2α− k
2
) ≤ 0 (9.70)
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The inequalities 9.69 imply
k ≤ 1, (9.71)
The inequality 9.70 reads
(1− 2Λ−1σ α2)k2 − (1− 2Λ−1σ α2)2k − 2Λ−1σ α2 + 8α(1− 2α) > 0 (9.72)
We have already supposed that 1 − 2Λ−1σ α2 > 0, the inequality above is
therefore equivalent to:
k2 − 2k + 1− (1− 4α)
2
(1− 2Λ−1σ α2)
> 0 (9.73)
that is
k < 1− 1− 4α
(1− 2Λ−1σ α2)
1
2
(9.74)
There will exist such a k > 0 if
1− 4α
(1− 2Λ−1σ α2)
1
2
< 1 (9.75)
Since α > 0 this inequality reduces to:
−2Λ−1σ α− 16α+ 8 > 0. (9.76)
i.e.
α <
4
8 + Λ−1σ
(9.77)
We remark that this inequality imposes the hypothesis first made on α, since
elementary calculus shows that, for any Λ, it holds that:
Λ
1
2√
2
≤ 4
8 + Λ−1
, (9.78)
the inequality being attained only for Λ = 1
8
.
We distinguish two cases
1. Λσ >
1
8
. In this case it is possible to take α = 1
4
, k = 1 and obtain
immediately
dE 1
4
dt
− τE 1
4
≤ |τA|. (9.79)
2. Λσ ≤ 18 . We have then:
4
8 + Λ−1σ
≤ 1
4
. (9.80)
We choose α such that it satisfies the inequality 9.77, which implies in this
case α < 1
4
, and then k > 0 such that it satisfies 9.74.
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10 Corrected second energy.
We define a corrected second energy E
(1)
α by the formula
E(1)α (t) = E
(1)(t) + ατE(1)c (t), E
(1)
c (t) ≡
∫
Σt
∆ˆgu.u
′µg (10.1)
10.1 Lower bound.
We have, according to previous notations,
∆ˆgu.u
′ ≡ 2∆gγγ′ + 1
4
e−4γ∆gωω′ + b1 (10.2)
with
b1 ≡ e−4γgab(∂aω∂bωγ′ − ∂aγ∂bωω′). (10.3)
hence, using the lemma 5.2:
B1 ≡ |
∫
Σt
b1µg| ≤ |τ |CE,λ,σ(ε+ ε1)3. (10.4)
The Cauchy Schwarz inequality and the Poincare´ inequality (γ¯′ is a constant
on Σt and on a compact manifold
∫
Σt
∆gγµg = 0) give that:
|
∫
Σt
∆gγγ
′µg| = |
∫
Σt
∆gγ(γ
′ − γ¯′)µg| ≤ eλMΛ−1/2σ ||∆gγ||g||Dγ′|| (10.5)
while
|
∫
Σt
(∆gω)e
−4γω′µg| = |
∫
Σt
∆gω(e
−4γω′ − e−4γω′)µg|
≤ eλMΛ−1/2σ ||∆gω||g||D(e−4γω′)||
It holds that
||D(e−4γω′)|| = ||e−4γ(Dω′ − 4Dγω′)|| (10.6)
≤ e−2γm(||e−2γDω′)||+ 4||e−2γω′||4||Dγ||4 (10.7)
while
||∆gω||g ≤ e2γM ||e−2γ∆gω||g (10.8)
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Using the bound (lemma 9.1) of γM − γm and the inequalities on the L4
norms ||.||4 (lemma 5.1), we find an inequality of the form:
|
∫
Σt
(∆gω)e
−4γω′µg|| ≤ eλMΛ−1/2σ ||e−2γ∆gω||g||e−2γDω′)||+B2
where B2 satisfies an inequality of the same type as B1. We have shown that
|
∫
Σt
∆gu.u
′µg| ≤ eλMΛ−1/2σ ||∆gu||g||Du′||+B1 +B2.
The estimates of the lemma 5.1 and the inequalities
||∆gu||g ≤ ||∆ˆgu||g + || |Du|2||g, ||Du′|| ≤ ||∇ˆu′||+ || |Du|2||
1
2
g || |u′|2||
1
2
g
(10.9)
give
eλMΛ−1/2σ ||∆gu||g||Du′|| ≤ eλMΛ−1/2σ ||∆ˆgu||g||∇ˆu′||+B3
with
B3 ≤ |τ |CE,λ,σ(ε+ ε1)3. (10.10)
Using the estimate 6.23 of eλM |τ | − √2 we have:
|
∫
Σt
∆gu.u
′µg| ≤
√
2|τ |−1Λ−1/2σ ||∆ˆgu||g||∇ˆu′||+B1+B2+B3+B4. (10.11)
with
B4 = |eλM −
√
2|τ |−1|Λ−1/2σ ||∆ˆgu||g||∇ˆu′|| ≤ |τ |Cσ(ε+ ε1)3
We deduce from these estimates, with Qα,Λ the same quadratic form as in
9.18 but with y1 ≡ |τ |−1||∆ˆgu||g, y0 ≡ |τ |−1||∇ˆu′||, that:
τ−2E(1)α (t) ≥ Qα,Λ(y0, y1)− CE,σ,λ(ε+ ε1)3 (10.12)
Theorem 10.1 If α is chosen satisfying 9.19 there exists a number η4 > 0
and L > 0 such that
Eα + τ
−2E(1)α ≥ L(ε2 + ε21) (10.13)
as soon as
ε+ ε1 ≤ η4. (10.14)
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Proof. We have found that
ψ(t) ≡ Eα(t) + τ−2E(1)α (t) ≥ Qα,Λ(y, x)− (A+B) (10.15)
where Qα,Λ(x, y) is the quadratic form
Qα,Λ(x, y) ≡ Qα,Λ(x) +Qα,Λ(y). (10.16)
and A +B admits a bound of the form
|A+B| ≤ CE,σ,λ(ε2 + ε21)
3
2 . (10.17)
We have
Qα,Λ(x, y) > K(ε
2 + ε21) ≡
1
2
K(x20 + x
2
1 + y
2
0 + y
2
1) (10.18)
if the quadratic form QK defined in the section 9.1 is positive definite. The
conditions on α and the corresponding limitation on K are the same as in
the section 9.1, and the proof continues along the same line.
10.2 Decay of the second corrected energy.
We have (recall dτ
dt
= τ 2) :
dE
(1)
α
dt
≡ dE
(1)
dt
+ ατR(1) R(1) ≡ d
dt
E(1)c + τE
(1)
c
that is:
R(1) =
∫
Σt
{∂ˆ0∆ˆgu.u′ + ∆ˆgu.(∂ˆ0u′ −Nτ.u′ + τu′)}µg. (10.19)
We have found in lemma 4.1 that
∂ˆ0∆ˆgu
A ≡ gab∇ˆa∂ˆ0∂buA +Nτ∆ˆguA + FA1 + FˆA1 , (10.20)
with
FˆA1 ≡ gabRCBAD∂0uC∂auB∂buD
and
FA1 ≡ 2∂cuA(hacg ∂aN +N∇akac) + 2Nhabg ∇ˆa∂buA (10.21)
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that is, using the equation
(3)Rc0 ≡ −N∇akac = ∂0u.∂cu
FA1 ≡ 2∂cuA(hacg ∂aN − ∂0u.∂cu) + 2Nhabg ∇ˆa∂buA. (10.22)
Partial integration gives, using also the identity ∂ˆ0∂bu ≡ ∇ˆb∂0u ≡ ∇ˆb(Nu′),
∫
Σt
(∂ˆ0∆ˆgu).u
′µg =
∫
Σt
{−N |∇ˆu′|2g−∂aN∇ˆau′.u′+Nτ∆ˆgu.u′+(F1+Fˆ1).u′}µg
(10.23)
On the other hand, if u satisfies the equation
−∂ˆ0u′ + ∇ˆa(N∂au) + τNu′ = 0 (10.24)
it holds that:∫
Σt
∆ˆgu.(∂ˆou
′ − τNu′)µg =
∫
Σt
{N |∆ˆgu|2 + ∂aN∂au.∆ˆgu}µg
We have found that:
R(1) =
∫
Σt
{−N |Dˆu′|2 +N |∆ˆgu|2 + τ (N + 1)∆ˆgu.u′}µg + R˜(1) (10.25)
with
R˜(1) ≡
∫
Σt
{−∂aN∇ˆau′.u′ + (F1 + Fˆ1).u′ + ∂aN∂au.∆ˆgu}µg. (10.26)
Using the expression of dE
(1)
dt
we find that:
dE
(1)
α
dt
= τ
∫
Σt
{N(2−2α)J0+N(2α+1)J1+(N+1)ατ∆ˆgu.u′]}µg+Z1+ατR˜(1)
which implies:
dE
(1)
α
dt
− (2+ k)τE(1)α = τ{
∫
Σt
{(2N − 2− k− 2αN)J0+ (2αN +N − 2− k)J1
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+ατ(N + 1− 2− k)∆ˆgu.u′}µg + Z1 + ατR˜(1) (10.27)
which we write:
dE
(1)
α
dt
− (2 + k)τE(1)α ≤ τ{
∫
Σt
{(2− k − 4α)J0 + (4α− k)J1
+ατ(1− k)∆ˆgu.u′}µg + Z1 + ατR˜(1) + Z2. (10.28)
with
Z2 ≡ τ
∫
Σt
{(N − 2)(2− 2α)J0 + (N − 2)(2α+ 1)J1 + (N − 2)ατ∆ˆgu.u′]}µg.
(10.29)
We have found in section 8.2 that
|Z1| ≤ |τ |3CE,λ,σ(ε+ ε1)3 (10.30)
It results immediately from the estimate of N−2, section 6.2, that Z2 satisfies
an inequality of the same type.
Some terms of R˜(1) are bounded using the L∞(g) estimate 6.6 of DN,
which gives that
|
∫
Σt
{−∂aN∇ˆau′.u′ + ∂aN∂au.∆ˆgu}µg| ≤ τ 2CE,σ,λε2ε1(ε+ ε1). (10.31)
The estimate of the remaining ones uses similar techniques as those of section
9 and lead to an inequality of the form
|R˜(1)| ≤ τ 2CE,σ,λ(ε+ ε1)4. (10.32)
Theorem 10.2 Under the conditions on α and k given in the theorem 9.2
the following inequality holds:
dE
(1)
α
dt
− (2 + k)τE(1)α ≤ |τ |3B (10.33)
with
|B| ≤ CE,λ,σ(ε+ ε1)3.
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Proof. We have seen that (10.11)
|
∫
Σt
τ∆ˆgu.u
′µg| ≤
√
2Λ
− 1
2
σ ||∆ˆgu||g ||∇ˆu′||g + Z3 (10.34)
with
|Z3| ≤ τ 2CE,σ,λ(ε+ ε1)3. (10.35)
Therefore we deduce from 10.28 and the definition of y0, y1 that
dE
(1)
α
dt
− (2 + k)τE(1)α ≤ τ 3Q(1)α,k(y) + |τ |3B
with
B ≡ Z1 + ατR˜(1) + Z2 + |τ |αZ3, |B| ≤ CE,σ,λ(ε2 + ε21)
3
2 (10.36)
and
Q
(1)
α,k(y) ≡ (1−
k
2
− 2α)y20 + (2α−
k
2
)y21 +
√
2Λ
− 1
2
σ ατ (1− k)y0y1. (10.37)
This quadratic form in y is non negative under the same conditions as
the form Qα,k(x). The conclusion follows, since τ < 0.
11 Decay of the total energy.
We make the following a priori hypothesis, for all t ≥ t0 for which the con-
sidered quantities exist
• Hypothesis Hσ : 1. The t dependent numbers Cσ are uniformly
bounded by a constant M .
2. There exist Λ > 0 such that Λσ ≥ Λ.
• We choose α such that
α =
1
4
if Λ >
1
8
, α <
4
8 + Λ−1
≤ 1
4
if Λ ≤ 1
8
. (11.1)
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• Hypotheses HηE : The t dependent energies ε2 and ε21 having been
supposed bounded by a number cE we suppose, moreover that they
satisfy the inequalities 5.25, 6.3, 9.25, 10.14.
We have seen (theorem 5.7) that the hypothesis Hλ is then satisfied.
We denote by Mi any given positive number dependent on the bounds of
these H’s hypothesis but independent of t.
We have defined ψ(t) to be the total corrected energy namely:
ψ(t) ≡ Eα(t) + τ−2E(1)α
We have seen (10.13) that ψ(t) bounds the total energy φ(t) ≡ ε2+ ε21 by an
inequality of the form:
φ(t) ≡ ε2 + ε21 ≤M0ψ(t), M0 = L−1. (11.2)
Lemma 11.1 Under the hypotheses Hσ and H
η
E the function ψ satisfies a
differential inequality of the form
dψ
dt
≤ −k
t
(ψ −M1ψ3/2) (11.3)
Proof. The inequalities 9.56 and 10.33 together with the choice τ = −1
t
,
and the bound 10.13.
Theorem 11.2 Under the hypotheses Hσ and H
η
E there exists a number k >
0 such that the total energy Etot(t) ≡ φ(t) ≡ ε2 + ε21 satisfies an estimate of
the form
tkφ(t) ≤M2φ(t0) (11.4)
if it is small enough initially.
Proof. We suppose that ψ0 ≡ ψ(t0) satisfies
ψ
1/2
0 <
1
M1
, for instance ψ
1/2
0 ≤
1
M1
(11.5)
Then ψ starts decreasing, continues to decrease as long as it exists, therefore
(ψ −M1ψ3/2) > 0 and the inequality 11.3 is equivalent to
dz
z −M1z2 +
k
2
dt
t
≤ 0, with ψ = z2.
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This inequality gives by integration:
log{ z
(1−M1z)z0
(1−M1z0)
z0
}+ 1
2
k log
t
t0
≤ 0
equivalently
{ z
(1−M1z)
(1−M1z0)
z0
}{ t
t0
} 12k ≤ 1 (11.6)
and, a fortiori,
tkψ ≤ t
k
0ψ0
(1−M1z0)2 ≤ 4t
k
0ψ0. (11.7)
Hence, using 11.2, the decay estimate, with M2 = 4t
k
0M0,
tkφ(t) ≤M2φ0. (11.8)
12 Teichmu¨ller parameters.
Instead of considering as in [CB-M1], [CB-M2] the Dirichlet energy of the
metric σ we use directly the estimate 7.7 of dQ/dt which we now write, using
11.8:
|dQ
dt
| ≤ Cσ,Et−(1+ k2 )φ(t0)1/2 (12.1)
Therefore:
Theorem 12.1 There exists M3 such that
|Q(t)−Q(t0)| ≤M3φ(t0)1/2. (12.2)
13 Global existence.
Theorem 13.1 Let (σ0, q0) ∈ C∞(Σ0) and (u0, .u0) ∈ H2(Σ0, σ0)×H1(Σ0, σ0)
be initial data for the Einstein equations with U(1) isometry group on the ini-
tial manifold M0 ≡ Σ0 × U(1) , with Σ0 compact, orientable and of genus
greater than one, σ0 chosen such that R(σ0) = −1. Suppose the initial inte-
gral condition 2.1 (with n = 0) satisfied. Then there exists a number η0 > 0
such that if
φ(t0) ≡ Etot(t0) < η0 (13.1)
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these Einstein equations have a solution on M × [t0,∞), with initial values
determined by σ0, q0, u0,
.
u0. The parameter t is t = −τ−1, with τ the mean
extrinsic curvature of Σ× {t} in the lorentzian metric (3)g on Σ× [t0,∞).
This solution is unique13 up to the choice of a section of Tecichmuller
space and a gauge choice for A.
Proof. We first prove that Etot(t) is uniformly bounded, and decays to
zero (without a priori hypothesis). We have obtained in the previous sections,
under the hypotheses HηE and Hσ, the following result: there are numbers Mi
depending only on cE and cσ such that
tkEtot(t) ≤M2Etot(t0) (13.2)
and
|Q(t)−Q(t0)| ≤M3φ(t0)1/2. (13.3)
Now consider the pair of t dependent numbers
(φ(t), ζ(t)), ζ(t) ≡ |Q(t)−Q(t0)|
The inequalities 13.3, 13.4 show that the hypothesis (where cE satisfies H
η
E)
φ(t) ≤ cE , ζ(t) ≤ cσ
imply that there exists η0 > 0 such that φ(t0) ≤ η0 implies that the pair
belongs to the subset U1 ⊂ R2 defined by the inequalities:
U1 ≡ { φ(t) < cE , ζ(t) < cσ}.
Therefore for such an η0 the pair belongs either to U1 or to the subset U2
defined by
U2 ≡ { φ(t) > cE or ζ(t) > cσ}
These subsets are disjoint. We have supposed that for t = t0 it holds that
(φ(t0), ζ(t0)) ∈ U1 hence, by continuity in t, ( φ(t), ζ(t)) ∈ U1 for all t.
We have now proved that the total energy is uniformly bounded, and σt
uniformly equivalent to σ0.
To complete the proof of existence of the spacetime for t ∈ [t0,∞) we
need the following lemma.
13The global uniqueness theorem of CB-Geroch says that it is geometrically unique in
the class of globally hyperbolic spacetimes.
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Lemma. The H2 norm of the pair of scalar functions (γ, ω) is uniformly
bounded, as well of the H1 norm of (∂tγ, ∂tω).
Proof of lemma. We have already proven in section 9 the uniform
bound of ||Dγ|| and ||D2γ|| in terms of the total energy. On the other hand
it holds that
γ − γ0 =
∫ t
t0
∂tγdt (13.4)
hence
||γ − γ0|| ≤
∫ t
t0
||∂tγ||dt (13.5)
Using previous estimates, the fall off of the energy and the property
||∂tγ|| ≤ e−λm ||∂tγ||g (13.6)
we find that there exists a number M such that
||γ − γ0|| ≤M
∫ t
t0
t−(1+k)dt, (13.7)
which completes the proof of the uniform bound of ||γ||H2, hence also of γ in
C0.
When γM is uniformly bounded one can bound ||Dω|| ≤ e2γM ||e−2γDω||
with the first energy and ||D2ω|| with the total energy, in a manner analo-
gous as the one used for ||D2γ||. We just recalled the estimate of ||∂tγ||, the
estimate of ||∂tω|| is similar, when γ has been bounded. It is also easy to
bound ||D∂tω|| and ||D∂tγ||.
Corollary 13.2 1. This solution is globally hyperbolic, future timelike and
null complete.
2. It is asymptotic to a flat solution:
(4)g = −4dt2 + 2t2σ∞ + θ2∞ (13.8)
with σ∞ a metric on Σ independent of t and of scalar curvature −1, and θ∞
a 1-form on Σ× S1 of the type
θ∞ = C(dx3 +H), (13.9)
where C is a constant and H is a harmonic 1-form on (Σ, σ0).
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Proof. 1. The orthogonal trajectories to the space sectionsM×{t} have
an infinite proper length since the lapse N is bounded below by a strictly
positive number. It can be checked that the conditions given in C.B and
Cotsakis for global hyperbolicity, and for future and null completeness are
satisfied by (Σ×R,(3) g).
2. The theorem 5.7 and the decay of ε + ε1 show that λ tends to 2t
2 in
C0 norm when t tends to infinity.
The decay estimate of dQ
dt
show that Q tends to a point Q∞ in Teich when
t tends to infinity, σ tends to σ(Q∞).
The lapse and shift estimates 6.2 and 7.9, 7.11 show that N tends to 2
and ν tends to zero in C0 norm when t tends to infinity.
The integral formula for γ shows that γ(t, .) − γ0(.) tends to a function
on Σ, γˆ∞(.), in L
2 norm when t tends to infinity, hence γ tends to γ∞ =
γ0 + γˆ∞ in this norm, therefore a fortiori γ(t, .) tends to γ∞(.) in the sense
of distributions on Σ. We know on the other hand that ||Dγ|| tends to zero,
hence Dγ tends to zero in the sense of distributions. Since derivation in
this sense is a continuous operator it holds that Dγ∞ = 0, therefore γ∞ is a
constant.
An analogous reasonning holds for ω. The value of ω∞ does not appear
in the expression of F.
The estimates of section 2.2 of Aˆ and At (in Coulomb gauge) show that
they both tend to zero in C0 norm on Σ. The differential formula giving the
ci(t) shows then that the 1 form A˜ tends in C
0 norm to the harmonic form
on Σ, H∞ = ci,∞H(i)The spacetime metric is asymptotic to the metric
(4)g = e−2γ∞(−4dt2 + 2t2σ∞) + e2γ∞(dx3 +H∞)2 (13.10)
which takes the indicated form by rescaling of t.
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